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Abstract
Microstructural randomness is one of the most basic characteristics of nearly
all solid materials and plays a key role in the prediction of their macroscopic
properties. Evidently, any material that displays heterogeneity on a micro
scale has properties depending on the scale of approximating continuum. The
key issue, which commonly arises when dealing with structure-property rela-





LRV E  Lmacro. (1)
Here LRV E refers to the size of so-called Representative Volume Element
(RVE), while d is the microstructural scale (microconstituents’ size) and
Lmacro is the macroscale. In the randomly structured media, the RVE is
considered to contain a sufficiently large number of micro constituents (e.g.
inclusions) so that the volume can be regarded as statistically homogeneous
and structurally typical of the mixture.
This research focuses on the investigation of the scale-dependent homog-
enization from a Statistical Volume Element (SVE) (i.e., mesoscale level)
to a Representative Volume Element (RVE) (i.e., macroscale level) for lin-
ear viscoelastic random composites with perfectly bonded microconstituents.
The theoretical framework employed is based on the Hill-Mandel homog-
enization condition, with adoption to constitutive relations including time
derivative for viscoelastic materials. Requiring the material statistics to be
spatially homogeneous and ergodic, the mesoscale bounds are obtained by
taking the ensemble average of two stochastic initial-boundary value prob-
lems set up, respectively, under uniform kinematic and traction boundary
conditions. Convergence of mesoscale responses as the scale approaches that
of RVE is proved using the extended minimum theorem in viscoelasticity
and also numerically verified in both time and frequency domains through
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computational mechanics of planar random microstructures. The frequency-
dependent scaling to RVE is further described through a complex-valued
scaling function, which generalizes the concept originally developed for lin-
ear elastic random composites. This scaling function is shown to apply for all
different phase combinations and essentially, uniquely characterizes the geo-
metric effects of the microstructure in the homogenization trend from SVE
to RVE.
The transition between elasticity and viscoelasticity in elastic-viscoelastic
random composites is also investigated by simulating the microstructures
responses at various volume fractions of the viscoelastic phase. Systems
with a significantly high contrast between the elastic and viscoelastic phase
are being considered. For the random checkerboard, a sharp transition in
the microstructures response occurs at the volume fraction 0.4, with the
response transitioning from a time-independent type to time-dependent type.
This critical volume fraction is consistent with the probability threshold of
site percolation and the transition indicates a shift of dominance of one phase
over the other.
Fractional calculus models are known to be robust descriptors of the be-
havior of real viscoelastic polymers. By allowing the derivative in viscoelastic
constitutive relations to be of the fractional type, the response of a viscoelas-
tic material can be determined using a much smaller number of empirical
parameters than is the case with conventional calculus. Compared to a dash-
pot in classical viscoelasticity, the fractional calculus element spring-pot has
the property of a continuously varying constitutive equation from ideal solid
state to ideal fluid state by changing the fractional derivative order from 0
to 1. Responses of elastic-viscoelastic composites are investigated under the
four-parameter factional models over the full range of volume fractions of
the viscoelastic phase. It is found that if the viscoelastic phase is of Zener
model (standard solid model of integer order), the best fit of the effective
elastic-viscoelastic composites is also of integer order and independent of the
volume fraction of viscoelastic phases. This suggests that the microstructural
randomness of a composite material is not the cause of the fractional order
viscoelasticity, rather it is due to the nature of the constituent phase(s). In
other words, in viscoelastic composites, if the component phase is described
by classical viscoelasticity of integer order, the responses of the composite
are of the same type.
iii
To my family, for their endless love and support
iv
Acknowledgments
First and foremost, I would like to thank my adviser Prof. Martin Ostoja-
Starzewski. Without his guidance and support, I could not have completed
my PhD study and this dissertation. Thanks to him for being open minded
and always providing me with the freedom to explore interesting research
questions.
I would like to thank my dissertation committee members, Prof. Harry H.
Hilton, Prof. Sasha Hilgenfeldt, Prof. Shelby B. Hutchens and Prof. Kyle
Smith, for their interest and valuable feedback in my research work.
I would like to thank all the members in our research group, who all played
an vital role in making my graduate school life a delightful experience. I
would like to thank Jun Li, Hady, and Ankit for their kind help from the
time when I joined the group. Especially, I would like to thank Sohan,
Vinesh, Dansong, Bhharath, Pouyan and Amit, who were always willing to
offer a hand when I was in trouble.
I would like to acknowledge the Department of Mechanical Science and
Engineering, and especially the graduate program coordinator, Kathy Smith,
who guided me through all the complicated paperwork in the past five years
with great patience. Finally, I would like to thank my dear friends, Jerry Qi,




List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Separation of scales . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Dissertation overview . . . . . . . . . . . . . . . . . . . . . . . 3
Chapter 2 Time-dependent mesoscale bounds in viscoelastic ran-
dom composites 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . 5
2.2.1 Random microstructure . . . . . . . . . . . . . . . . . 5
2.2.2 Linear viscoelasticity . . . . . . . . . . . . . . . . . . . 6
2.2.3 The Hill-Mandel condition in viscoelasticity . . . . . . 8
2.2.4 Hierarchies of mesoscale bounds in viscoelasticity . . . 9
2.3 Computational Models . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
Chapter 3 Frequency-Dependent Scaling from Mesoscale to Macroscale
in Viscoelastic Random Composites 2 . . . . . . . . . . . . . . . . . 20
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.1 Random microstructure . . . . . . . . . . . . . . . . . 22
3.2.2 Random checkerboard model . . . . . . . . . . . . . . . 25
3.2.3 Complex moduli of linear viscoelastic solids . . . . . . 27
3.3 Scaling to RVE: theoretical results . . . . . . . . . . . . . . . . 29
3.3.1 Apparent properties of a heterogeneous body . . . . . . 29
3.3.2 Hierarchies of mesoscale bounds . . . . . . . . . . . . . 31
3.3.3 Scaling function . . . . . . . . . . . . . . . . . . . . . . 36
3.4 Scaling to RVE: numerical results . . . . . . . . . . . . . . . . 37
3.4.1 Computational mechanics procedure . . . . . . . . . . 37
3.4.2 Hierarchies of mesoscale bounds . . . . . . . . . . . . . 40
3.4.3 Normalized scaling function . . . . . . . . . . . . . . . 43
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
vi
Chapter 4 Scaling function in viscoelastic random composites . . . . 49
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Normalized scaling function . . . . . . . . . . . . . . . . . . . 49
4.3 Computational model . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.1 Effects of time dependent parameters . . . . . . . . . . 50
4.4.2 Effects of microstructure . . . . . . . . . . . . . . . . . 53
4.4.3 Effects of volume fraction . . . . . . . . . . . . . . . . 57
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
Chapter 5 Elastic-viscoelastic transition in viscoelastic random
composites . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Numerical results for percolation study . . . . . . . . . . . . . 63
5.3 Fractional calculus models in viscoelasticity . . . . . . . . . . 68
5.3.1 Classical rheological models . . . . . . . . . . . . . . . 68
5.3.2 Fractional calculus models . . . . . . . . . . . . . . . . 70
5.4 Fractional derivative in elastic-viscoelastic composites . . . . . 71
Chapter 6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 74
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
vii
List of Figures
1.1 An illustration of different lengthscales present in a par-
ticulate composite material. The microscale d is identified
as the characteristic particle size, the macroscale Lmacro is
the lengthscale associated with component size, and the
mesoscale L is represented as an intermediate lengthscale
between d and Lmacro. . . . . . . . . . . . . . . . . . . . . . . . 2
2.1 Sample realizations of the random, two-phase checkerboard
on there L× L lattices. . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Relaxation moduli of both component phases. . . . . . . . . . 7
2.3 Mesh density study for realization at δ = 4. . . . . . . . . . . 13
2.4 Stress distribution under KUBC of one SVE at mesoscale
δ = 4. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 13
2.5 Strain distribution under SUBC of one SVE at mesoscale
δ = 4. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 14
2.6 Stress distribution under KUBC of one SVE at mesoscale
δ = 8. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 14
2.7 Strain distribution under SUBC of one SVE at mesoscale
δ = 8. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 15
2.8 Stress distribution under KUBC of one SVE at mesoscale
δ = 16. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 15
2.9 Strain distribution under SUBC of one SVE at mesoscale
δ = 16. (a) t = 0.04 (b) t = 2.0. . . . . . . . . . . . . . . . . . 16
2.10 (a) Mesoscale (apparent) relaxation moduli and (b) Mesoscale
(apparent) creep compliances. . . . . . . . . . . . . . . . . . . 17
2.11 Mesoscale (apparent) relaxation moduli and converted ap-
parent creep compliances in function of time. The bounds
(2.25)-(2.26) are also shown. . . . . . . . . . . . . . . . . . . . 18
2.12 Mesoscale bounds in function of mesoscale for several time
instances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
viii
3.1 (a) Image on microstructure of real viscoelastic compos-
ite (asphalt concrete mixture).(b) Realization of the ran-
dom, two-phase checkerboard on a 40 × 40 lattices. (c)
Numerically generated micrograph of Gaussian correlated
microstructure [31]. . . . . . . . . . . . . . . . . . . . . . . . . 26
3.2 Partition of the domain into four subdomains, each of mesoscale
δ′ = δ/2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Hierarchies of mesoscale bounds on the 2D complex shear
modulus: (a) absolute value, (b) phase angle. . . . . . . . . . 39
3.4 Hierarchies of mesoscale bounds on the 2D complex bulk
modulus: (a) absolute value, (b) phase angle. . . . . . . . . . 41
3.5 Hierarchies of mesoscale bounds for several frequencies ω. . . . 43
3.6 Scaling function of 2D random checkerboard model for all
tests: (a) before normalization,(b) after normalization. . . . . 46
3.7 Normalized scaling function g∗(δ) in the complex plane.
Paths of g∗(δ) for increasing δ are shown for various mate-
rial systems studied. . . . . . . . . . . . . . . . . . . . . . . . 47
4.1 Viscoelastic responses for different time dependent param-
eters in Table 1:(a) Relaxation modulus. (b) Storage and
loss modulus. . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2 Scaling function for random checkerboard with different
viscoelasticity coefficients. . . . . . . . . . . . . . . . . . . . . 52
4.3 Two-phase microstructure at volume fraction 0.5:(a) Real-
ization of random checkerboard on a 128 × 128 lattice.(b)
Realization of Gaussian correlated microstructure on the
same lattice with correlation length λ = 2. . . . . . . . . . . . 53
4.4 Mesoscale bounds for Gaussian correlated microstrucre un-
der different loading frequencies: (a) absolute value of shear
modulus < |µ∗| >; (b) phase angle of shear modulus < Φµ >. . 55
4.5 Scaling function for Gaussian correlated microstrucre: (a)
before normalization; (b) after normalization. . . . . . . . . . 56
4.6 Mesoscale bounds for random checkerboard with different
volume fraction: (a) magnitude of complex shear modulus;
(b) phase angle of complex shear modulus. . . . . . . . . . . . 58
4.7 Scaling function for Gaussian correlated microstrucre: (a)
before normalization; (b) after normalization. . . . . . . . . . 60
4.8 Scaling master curve for random checkerboard with differ-
ent volume fraction. . . . . . . . . . . . . . . . . . . . . . . . . 61
5.1 Random checkerboard at different volume fractions: (a)
relaxation stress and creep strain after stabilization; (b)
microstructure at Ix = 128 with the(black) elastic phase
embedded in the (white) viscoelastic phase. . . . . . . . . . . 65
ix
5.2 Normalized relaxation modulus of random checkerboard at
different volume fractions. . . . . . . . . . . . . . . . . . . . . 66
5.3 Reduction in normalized modulus after relaxation of ran-
dom checkerboard at different volume fractions. . . . . . . . . 67
5.4 Generalized Maxwell model . . . . . . . . . . . . . . . . . . . 69
5.5 Fractional calculus model [70] . . . . . . . . . . . . . . . . . . 70
5.6 Four-parameter fractional calculus model . . . . . . . . . . . . 71
5.7 Best fit of fractional calculus models (α = 1)in frequency
dependency for random checkerboard at different volume




Disodered materials i.e. heterogeneous materials with spatially varying ma-
terial properties are ubiquitous in engineering, nature, and biology. Some
examples of such heterogeneous materials include particulate composites, in-
terpenetrating phase composites, porous media, concrete, gels, polycrystals,
granular media, wood, bone, etc. Understanding properties and behaviors
of disordered materials has been a topic of intense interdisciplinary research
[53, 55, 75]. The morphological features of such materials are best character-
ized statistically and therefore are often classified as ’random heterogeneous
media’ [75] or just “random media” [53].
1.1 Separation of scales
From an engineering perspective, it is necessary to understand and predict
the effective properties of heterogeneous materials at various lengthscales
as per the intended application. The properties of interest can be elastic
moduli, thermal conductivity, electrical conductivity, dielectric constant, and
mechanical failure strength. Three lengthscales are typically identified for
heterogeneous materials (Fig. 1.1): the microscale d, the mesoscale L, and
the macroscale Lmacro. The separation of these scales i.e. d  L  Lmacro
needs to be satisfied in order to postulate a representative volume element
(RVE). When separation of scales holds in this sense, effective properties of
heterogeneous materials are only defined on the premise of the RVE. When
d < L Lmacro, the properties are expected to show spatial fluctuations and
mesoscale size-dependence. Such scale-dependence is particularly important
when dealing with micro/nano scale MEMS and NEMS devices or when
the strength of disorder is very strong. In both scenarios, the fluctuations






Figure 1.1: An illustration of different lengthscales present in a particulate
composite material. The microscale d is identified as the characteristic
particle size, the macroscale Lmacro is the lengthscale associated with
component size, and the mesoscale L is represented as an intermediate
lengthscale between d and Lmacro.
the engineering design process. Therefore, in addition to the knowledge of
effective properties on the RVE-scale, it has become necessary to quantify
the statistical nature of apparent properties on the sub-RVE mesoscales.
The modeling approaches to obtain effective properties of random me-
dia can be roughly classified into continuum based theoretical methods and
explicit numerical models. The theoretical models based on some form of
homogenization theories [75] are usually accurate only in the weak constrast
limit and for dilute volume fraction of the secondary phase. Moreover, most
continuum based approaches cannot explicitly account for spatial microstruc-
tural features. However, for some special cases, analytical solutions can be
obtained [49, 18] which have proven to be valuable for verifying and bench-
marking numerical implementations.
When the contrast between phases is very strong or when the spatial fea-
tures such as clustering or long-range correlations are important, explicit
numerical modeling of the microstructure can provide accurate predictions
of the effective properties. Such methods have been extensively used over
the past four decades as advances in material characterization and imaging
techniques have enabled wealth of detailed information on microstructure
features of various heterogeneous materials. The microstructure is explic-
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itly represented in such numerical methods either using finite element like
methods, discrete spring lattice, or particle based methods. The choice of
specific approach depends on various factors such as the physical property of
interest, lengthscale of the problem, and available computing resources [65].
In this dissertation, we are focusing on the finite element based approach to
examine the effective elastic and damping properties of viscoelastic random
composites.
1.2 Dissertation overview
The specific topics discussed in this dissertation are: (1) time-dependent
bounds for viscoelastic random composites (Chapters 2), (2) frequency de-
pendent bounds for viscoelastic random composites, together with the de-
velopment of a scaling function to quantify the scaling behavior of planar
viscoelasticity (Chapter 3), (3) continued investigation of scaling function on
viscoelastic random composites, with the focus on effects of microstructure
and volume fractions (Chapter 4), (4) transition in mechanical properties of
elastic-viscoelastic random composites as the volume fraction of the elastic
phase increases. Furthermore, the fractional calculus model is intended to
be applied for the continuously description of the constitutive relationship
from elasticity to viscoelasticity. In overall, key point of this dissertation is
to numerically model effective or apparent behavior of viscoelastic disordered
systems at a sub-RVE or RVE scale. Each topic is provided with a dedicated
introduction section where motivation behind the study is also elucidated.
This section gives a brief overview of each chapter and outlines the organiza-
tion of dissertation. The key results are summarized and concluding remarks
are discussed along with future work directions in Chapter 6.
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Chapter 2
Time-dependent mesoscale bounds in
viscoelastic random composites 1
2.1 Introduction
This paper develops scale-dependent bounds on the effective response of ran-
dom composites for a linear viscoelastic material with a two-phase, spatially
random composition: a planar random checkerboard microstructure, in which
one phase is viscoelastic and another elastic, with perfect bonding every-
where. We follow the approach that originated with Huet [26] and Sab [64]:
we deal with mesoscale (or apparent) material properties of finite size do-
mains subjected to uniform boundary conditions of either kinematic or trac-
tion types. In general, these properties are random and mesoscale-dependent,
and hence, such a domain is a Statistical Volume Element (SVE). As L/d
increases, the SVE tends towards the RVE. The RVE is clearly set up in
two basic cases [53] (i) a unit cell in aperiodic microstructure, and (ii) a
domain containing infinitely many microscale elements (e.g. inclusions) in a
randomly structured medium. Of interest is the evaluation of this trend from
SVE to RVE in the time domain. The SVE-to-RVE scaling issue has already
been studied in many different settings besides linear elastic: conductivity,
physically nonlinear elasticity, finite (thermo)elasticity, elasto-plasticity, per-
meability [53, 57]. A theoretical basis for the viscoelastic setting was devel-
oped by Huet [25, 27] and this forms a stepping-stone for the present work,
see also Hazanov [20].
1Adapted with permission from: J. Zhang, and M. Ostoja-Starzewski (2015). Mesoscale





The random material is taken as a set of all the realizationsB (ω) parametrized
by sample events ω of the Ω space
B = {B (ω) ;ω ∈ Ω} . (2.1)
Any realization B(ω) of the composite B = {B(ω);ω ∈ Ω}, while spatially
disordered (i.e., heterogeneous), follows deterministic laws of mechanics.
The spatial (volume-type) averages will be denoted by the overbar , while
the statistical (or ensemble) averages by 〈·〉. That is, if we have a ran-
dom (n-component, real valued) field Θ defined over some probability space
{Ω,z, P} (with z being a σ-field and P a probability measure) and over
some domain V in R2 of volume V
Θ : Ω×X → Rn, (2.2)









As the random material we take a so-called random chessboard (or checker-
board) in two-dimensions, where each square cell of M sites is occupied,
independently of realizations at all other cells, with probability p1 and p2
by phases 1 and 2, respectively. Clearly, for a square lattice L × L = M ,
the number of different realizations is |Ω| = 2L×L. Given the construction
process, each ω occurs with probability 1/2L×L. Technically speaking, gen-
eration of the random checkerboard is a Bernoulli lattice process with the
probability p = 1
2
. Fig.2.1 shows sample realizations at three different scales
and a nominal volume fraction 50%.
In the following, it will be convenient to work with a mesoscale, a nondi-
mensional parameter
δ = L/d (d = size of one site) (2.4)
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Figure 2.1: Sample realizations of the random, two-phase checkerboard on
there L× L lattices.
in the range [0,∞), so that BL/d, a mesodomain, will be written Bδ, etc. Thus,
δ = 0 signifies the pointwise description of the material, while δ →∞ is the
RVE limit. The mesoscale random material is a set of all the realizations
Bδ (ω) parametrized by sample events ω of the Ω space
Bδ = {Bδ (ω) ;ω ∈ Ω} . (2.5)
2.2.2 Linear viscoelasticity
One important characterisitc for viscoelastic solids is the time-dependent









Sklmn(t− τ) ˙σmn(τ)dτ, (2.7)
where an overdot denotes the derivative with respect to time. The time-
dependent tensors Cklmn(t) and Sklmn(t) are the relaxation modulus and creep
compliance, respectively. Let ◦ indicate the convolution integral, equations
2.6 and 2.7 can be expressed in a simplified indicial form:
σkl = Cklmn ◦ εmn, , εkl = Sklmn ◦ σmn. (2.8)
For the isotropic viscoelasticity, shear modulus µ(t) of our random material
6











which gradually decreases from µ0. gi and τi are parameters that can be fitted
by experimental data to resemble material’s response under a real relaxation
test. For illustrative purposes in the present study, the linear viscoelasticity
is assigned to one phase only and only one term in (2.9) is considered - this
corresponds to a generalized Maxwell (i.e., Zener) model. The other phase is
kept elastic. There is perfect bonding everywhere. Properties of both phases
are given in Table 3.1.
The relaxation moduli of both phases are plotted in Fig. 2.2. From the
figure, it is concluded that the generated composite is like half rigid elastic
solids mixed with half relatively ”softer” viscoelastic gel, with the solids’
modulus twice that of the gel.













Figure 2.2: Relaxation moduli of both component phases.
With the specified microstructure and material composition, the random
heterogenous body Bδ is now described by the random fields of relaxation
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Table 2.1: Shear properties of two phases in random checkerboard
Type µ0 g1 τ1
Mat A Elastic 23.08
Mat B Viscoelastic 11.54 0.9 0.25
modulus tensor and creep compliance tensor
C : Ω× R2 → {C(1),C(2)} (2.10)
or, in the ensemble sense,
{Cijkl(ω,x, t); ω ∈ Ω, x ∈R2}. (2.11)
Both phases (1 and 2) are assumed to be locally isotropic, and the random
field to be white-noise. Then, the latter assumption results in a statistical
isotropy of C.
2.2.3 The Hill-Mandel condition in viscoelasticity
A proper definition of apparent properties should not only satisfy the orig-
inal constitutive relation in an average sense, but also guarantee the equiv-
alence of energetic with mechanical approaches in setting up constitutive
equation. Taking the classical (Cauchy) continuum, rather than the microp-
olar (Cosserat) continuum, as the approximating model, this homogenization
concept is expressed by the Hill-Mandel condition for viscoelastic materials
σ : ε̇ = σ : ε̇. (2.12)
At finite scales, the equation (2.12) requires the body Bδ to be loaded in a
specific way on its boundaries, which can be accomplished by three different
types of loadings:
• kinematic uniform boundary conditions (KUBC)
uk(x, t) = ε
0
kl(t)xl, ∀x ∈ ∂Bδ(ω), (2.13)
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• static uniform boundary conditions (SUBC)
tk(x, t) = σ
0
kl(t)nl, ∀x ∈ ∂Bδ(ω), (2.14)
• kinematic-traction (or mixed-orthogonal)
(uk(x, t)− ε0kl(t)xl)(tk(x, t)− σ0kl(t)nl) = 0, ∀x ∈ ∂Bδ(ω), (2.15)
where σ0kl(t) and ε
0
kl(t) are the imposed constant tensors. [Actually, in
viscoelasticity considered here, the loading (3.27) is quasi-static, but we call
it ”static” consistent with the works of Huet].
The equations (3.26) and (3.27) also justify the mean (volume average)
strain and stress theorems:
εkl(t) = ε
0
kl(t), σkl(t) = σ
0
kl(t). (2.16)
Given that Bδ is a statistical ensemble of realizations of Bδ(ω) for any
mesoscale δ, the boundary conditions (3.26), (3.27), and (2.2.3) specify, re-
spectively, three types of stochastic initial-boundary value problems.
2.2.4 Hierarchies of mesoscale bounds in viscoelasticity
For the heterogeneous body at the finite scale, the mesoscale (apparent)
properties can be defined by relating the stress and strain components in
the average sense. In view of the mean strain and stress theorems, the
mesoscale (apparent) relaxation modulus for a specific realization ω under
uniform strain follows from (3.26)
σij (ω, t) = Cijkl (ω, t) ◦ εkl(t) = Cijkl,δ (ω, t) ◦ ε0kl(t), (2.17)
while the mesoscale (apparent) creep compliance under uniform stress follows
from (3.27)
εij (ω, t) = Sijkl (ω, t) ◦ σkl(t) = Sijkl,δ (ω, t) ◦ σ0kl(t). (2.18)
Now, upon ensemble averaging, we can get rid of the dependency on ω and
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obtain the mesoscale bounds at each mesoscale δ
from (2.17): 〈Cδ(t)〉; from (2.18): 〈Sδ(t)〉. (2.19)
It has been shown by Huet (1995,1999) that such relaxation moduli under
the loading (3.26) and creep compliances under (3.27) of viscoelastic ma-
terials in the time domain satisfy, respectively, the following hierarchies on
ensemble (statistical) averages:
Ceff (t) ≤ ... ≤ 〈Cδ′(t)〉 ≤ 〈Cδ(t)〉 ≤ ... ≤ 〈C1(t)〉 (2.20)
∀δ′ > δ,∀t > 0 and
Seff (t) ≤ ... ≤ 〈Sδ′(t)〉 ≤ 〈Sδ(t)〉 ≤ ... ≤ 〈S1(t)〉 (2.21)
∀δ′ > δ and ∀t > 0. Here Ceff (t) and Seff (t) are the response tensors for
an infinitely large domain (i.e., macroscale or the RVE), while 〈C1(t)〉 and
〈S1(t)〉 are the ensemble averaged response tensors for a mesoscale domain
at δ = 1 (i.e., microscale). Effectively, the latter two are the Voigt and Reuss
bounds in viscoelasticity.
2.3 Computational Models
The prescribed time dependence of strain ε0kl (or stress σ
0
kl) tensor in (3.26)
[resp., (3.27)] is taken in the form of a Heaviside function H(t), which then re-
duces the complicated convolution integral into a simple scalar product from
which the apparent properties are inferred. As commonly done in viscoelas-
ticity, the inertia effects under such nonstationary loadings are neglected.
More specifically, we have:
• under KUBC (3.26), letting ε0ij(t) = ε0ijH(t), yields
σij(t) = Cijkl,δ (ω, t) ε
0
kl; (2.22)
• under SUBC (3.27), letting σ0ij(t) = σ0ijH(t), yields




Now the ε0kl and σ
0
kl reduce to scalars only (not function of time). Given
that all the component phases are isotropic, the mesoscale responses after en-
semble average are also isotropic. The isotropic mesoscale tensors 〈Cijkl,δ (t)〉
and 〈Sijkl,δ (t)〉 are now decomposed to the shear and bulk parts. Let us fo-
cus on the shear properties and let µδ(t) := C1212,δ(t) and Jδ(t) := S1212,δ(t),
which are simply related solely by components σ12 and ε12 without coupling
any other stress and/or strain components. In the planar problem, the pre-























For the sake of general comparison, we also employ the analytic bounds
that are obtained without any numerical simulation. Here, we apply the
widely used Voigt and Reuss models, which correspond to the same iso-strain
and iso-stress conditions as in elastic composites. However, the constitutive
relations are now modified to viscoelasticity. For instance, in the Voigt model,
we should have ε1(t) = ε2(t), while σ1(t) = µ1(t)◦ε1(t) and σ2(t) = µ2(t)◦ε2(t)
respectively. The subscripts 1 and 2 represent the two component phases.
Ideally, if the Voigt and Reuss models are taken under relaxation test, i.e.let
ε1(t) = ε2(t) = ε0H(t), and the creep test, i.e.let σ1(t) = σ2(t) = σ0H(t)
respectively, the upper and lower bounds for both relaxation modulus and
creep compliance should be developed respectively as well. However, the
lower bound of the effective creep compliance in the Voigt model and lower
bound of relaxation modulus in Reuss model cannot be solved explicitly due
to the convoluted integral. The analytic solutions we can derive are:
• The upper bound on relaxation modulus, determined by the iso-strain
condition of Voigt model (i.e., via arithmetic average of shear modulus
of both phases)
µA(t) = αµ1(t) + (1− α)µ2(t). (2.25)
• The upper bound on creep compliance, determined by the iso-stress
condition of Reuss model (i.e., via arithmetic average of shear compli-
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ance of both phases)
JA(t) = αJ1(t) + (1− α)J2(t). (2.26)
These formulas are based on the quasi-elastic moduli µi(t) and Ji(t)
[calculated by running a simulation of creep test from µi(t)] of the
component phases (i = 1, 2).
Since the relaxation modulus and creep compliance are reciprocals of each
other, the lower bound of relaxation modulus is easily obtained by just in-
verting the upper bound of creep compliance. The same approach can be
applied to creep compliance as well.
2.4 Results
The time dependent behavior of viscoelastic planar random checkerboard
are simulated through finite element methods using ABAQUS. Plane stress
condition is assumed and each square gain (pixel) in the microstructure is
discretized into 16 elements (4 by 4), this criteria is chosen when stable and
converged average behaviors are attained. To better resolve the stress and
strain distributions at interface of two phases, we use quadratic elements
instead of bilinear elements. Fig. 2.3 exhibits the example of mesh density
study at δ = 4, in which the legend ”Ix4” means the simulation is conducted
at mesoscale 4 and ”CPS8” stands for the 8-node plane stress quadratic
elements. ”MeshX” denotes the density at which every pixel is descretized in
each direction(x and y). It is observed that, as the mesh density gets larger
than 4, there is almost negligible difference in the averaged response of the
material.
Stress and strain distributions under KUBC and SUBC are shown in Fig.
2.4-2.9 at all scales. Under the KUBC, displacements are applied on all
boundary nodes suddenly at t = 0 and then held constant. The entire struc-
ture is then experiencing stress relaxation for t > 0 due to viscoelasticity.
Stresses are distributed heterogeneously because of the discrepancy in ma-
terials properties between elastic and viscoelastic phases. As time increases,
the viscoelastic phase softens and shows a steeper drop in stress as com-
pared to the elastic one. At the same time, the modulus contrast between
12
Figure 2.3: Mesh density study for realization at δ = 4.
two phases also increases as one phase relaxes and this promotes high stress
concentrations at the bonding interfaces.
Figure 2.4: Stress distribution under KUBC of one SVE at mesoscale δ = 4.
(a) t = 0.04 (b) t = 2.0.
For the case of SUBC, the degrees of freedom of the lower right corner
node in y-direction are restricted in order to eliminate rigid body rotation.
Similar to what is observed under KUBC, as the viscoelastic phase gets
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Figure 2.5: Strain distribution under SUBC of one SVE at mesoscale δ = 4.
(a) t = 0.04 (b) t = 2.0.
Figure 2.6: Stress distribution under KUBC of one SVE at mesoscale δ = 8.
(a) t = 0.04 (b) t = 2.0.
weaker , it creeps more and accumulates more strain. The elastic phase is
fixed in modulus and the strain level in it does not change much, except for
regions that are close to interfaces.
The mesoscale properties for each single realization are computed accord-
ing to (2.24) and then,upon Monte Carlo sampling of the set of realizations of
random checkerboards, are subjected to ensemble averaging, see Fig. 2.10.
Note the consistent trend as the mesoscale parameter δ increases, which
also matches the theoretical hierarchies of bounds as predicted in (2.20) and
(2.21). As δ continues to increase and finally approaches the RVE, the ob-
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Figure 2.7: Strain distribution under SUBC of one SVE at mesoscale δ = 8.
(a) t = 0.04 (b) t = 2.0.
Figure 2.8: Stress distribution under KUBC of one SVE at mesoscale
δ = 16. (a) t = 0.04 (b) t = 2.0.
tained apparent properties converge to effective properties which do not vary
with mesoscale and boundary conditions anymore.
Recall that in the elastic analysis, the size of RVE can be determined
by observing the convergence of two mesoscale bounds as δ increases. This
would still be favored for viscoelasticity. However, the difficulty is that the
interrelation between relaxation modulus and compliance in the time domain
for viscoelasticity does not satisfy the simple inversion, i.e. µ(t) 6= J(t)−1.
Analytically, the relaxation modulus and the creep compliance are related
15
Figure 2.9: Strain distribution under SUBC of one SVE at mesoscale
δ = 16. (a) t = 0.04 (b) t = 2.0.
through a convolution integral [11]∫ t
0
µ(t− τ)J(τ)dτ = t, ∀t > 0. (2.27)
While a direct solution of Equation (2.27) is unwieldy and is not desirable,
note that [58] introduced an approximate formula relating the relaxation






∣∣∣d log F (τ)dτ ∣∣∣
τ=t
is the log− log slope of source function F (τ), where
F (τ) can be either µ(t) or J(t). The approximation in (2.28) is considered
to be good as long as the logarithm of source function is smooth and slowly
varying in slope.
By using (2.28), the apparent relaxation moduli from KUBC and SUBC
can now be plotted together in Fig. 2.11. The mesoscale properties from
both boundary conditions are clearly bounded by bounds (2.25)-(2.26). The
convergence of two mesoscale bounds in the time domain, for δ increasing, is
now clearly observed. The actual effective properties of plane checkerboard
with viscoelastic phase at nominal probability 0.5 at RVE fall between the
narrow bounds provided by mesoscale properties evaluated at δ = 32.
Mesoscale bounds are also plotted at two time instants (0.2 and 1.0) in
function of δ in Fig. 2.12. For comparison, the elastic case with the same
16


































Figure 2.10: (a) Mesoscale (apparent) relaxation moduli and (b) Mesoscale
(apparent) creep compliances.
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Figure 2.11: Mesoscale (apparent) relaxation moduli and converted
apparent creep compliances in function of time. The bounds (2.25)-(2.26)
are also shown.
microstructure is also included; these two top curves can be regarded as the
apparent viscoelastic properties measured at t = 0 (i.e., when the loading is
just being applied). This is implemented by setting g1 and τ1 in Table 3.1 to
be 0. Generally, viscoelasticity introduces larger discrepancy in the hierarchy
of mesoscale bounds compared to elasticity, and this discrepancy grows as
the time increases.
2.5 Conclusion
In this report, the methodology for obtaining scale-dependent properties of
linear viscoelastic composites in time domain [25, 27] has been pursued. Hi-
erarchies of mesoscale bounds are determined numerically in the time domain
for a planar random viscoelastic material whose microstructure is modeled as
the random checkerboard where one phase is viscoelastic (Zener type) and an-
other elastic. The bounds, defined in terms of relaxation and compliance, are
18
























Figure 2.12: Mesoscale bounds in function of mesoscale for several time
instances
obtained via solutions of two stochastic initial boundary value problems set
up, respectively, for kinematic and traction (static) boundary conditions.The
results are illustrated by finite element simulations of random checkerboards
for several mesoscales. While both phases (1 and 2) of the microstructure
are assumed to be locally isotropic, and the random field to be white-noise,
thus assuring the statistical isotropy of the C field, the mesoscale response
of any given realization (and hence in the ensemble sense) is generally not
isotropic. This work provides the basis for analysis in the frequency domain
and development of scaling laws, which will be reported in the next paper.
The method presented in this paper can be used to assess the scale depen-
dent passage from SVE to RVE in (i) a wide range of viscoelastic composites
with other microstructural morphologies (e.g., with spatial correlations), (ii)
a Cosserat rather than a Cauchy continuum homogenization [76], and (iii) in
material systems with micro/nanoscale viscous phenomena where the second
law of thermodynamics is violated [56].
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Chapter 3
Frequency-Dependent Scaling from Mesoscale
to Macroscale in Viscoelastic Random
Composites 1
This paper investigates the scaling from a Statistical Volume Element (SVE)
(i.e., mesoscale level) to Representative Volume Element (RVE) (i.e., macroscale
level) of spatially random linear viscoelastic materials, focusing on the quasi-
static properties in the frequency domain. Requiring the material statis-
tics to be spatially homogeneous and ergodic, the mesoscale bounds on
RVE response are developed from the Hill-Mandel homogenization condi-
tion adapted to viscoelastic materials. The bounds are obtained from two
stochastic initial-boundary value problems set up, respectively, under uni-
form kinematic and traction boundary conditions. The frequency and scale
dependencies of mesoscale bounds are obtained through computational me-
chanics for composites with planar random checkerboard microstructures. In
general, the frequency dependent scaling to RVE can be described through a
complex-valued scaling function, which generalizes the concept originally de-
veloped for linear elastic random composites. This scaling function is shown
to apply for all different phase combinations on random checkerboards and,
essentially, is only a function of the microstructure and mesoscale.
3.1 Introduction
Microstructural randomness is one of basic characteristics of most solid ma-
terials. It affects their mechanical responses through properties of micro-
constituents, microstructural geometry, and scale of observation. While the
macroscopic (homogeneous) continuum description of a material relies on the
so-called Representative Volume Element (RVE), the issue studied herein is
the scale-dependent trend to it via a Statistical Volume Element (SVE) in
1Adapted with permission from: Adapted with permission from: J.Zhang and M.
Ostoja-Starzewski, (2016). Frequency-dependent scaling from mesoscale to macroscale
in viscoelastic random composites Proceedings of Royal Society, A, 472, 20150801.
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composites with linear viscoelastic, perfectly-bonded microconstituents. In
other words, if L is the size of SVE and the microstructural scale (microcon-
stituents’ size) is denoted by d, one expects an effective continuum model to
hold at some sufficiently large L, providing the microstructure is statistically
homogeneous and ergodic.
The theoretical framework employed here is based on the Hill-Mandel ho-
mogenization condition[21, 43], which requires the macroscopic properties
to be well defined when they are the same from energetic and mechanical
standpoints[26, 64, 53]. Basically, with δ := L/d denoting a dimensionless
mesoscale, one considers loading finite materials domains by uniform bound-
ary conditions of either kinematic or traction types, and, respectively, obtains
two kinds of mesoscale (i.e. δ-dependent or apparent in Huet’s terminology)
material responses. For any finite δ, we have the SVE: both responses are
different and, actually, random as they depend on the actual composition
of the material. The statistical averages of both responses bound the RVE
response - thus, they provide hierarchies of mesoscale bounds. As δ increases,
both mesoscale responses tend to converge to one another and their scatters
tend to vanish, meaning that the SVE tends towards the deterministic RVE.
A number of theoretical results on hierarchies of mesoscale bounds in the
time domain for random viscoelastic composites were first given in [25, 27, 20]
and, on that basis quantitative results for a random checkerboard composite
were reported in [80]. In this paper, we focus on similar bounds of viscoelas-
tic composites but in the frequency domain. This SVE-to-RVE scaling is-
sue has most extensively been studied in linear conductivity [33] and linear
elasticity [13, 16, 17, 32, 66, 71, 15]. Other physical settings include: physi-
cally nonlinear elasticity [28], finite (thermo)elasticity [35], linear hyperbolic
thermoelasticity [54], Cosserat/micropolar elasticity [51, 76], elasto-plasticity
[52, 40, 67] , fatigue [39], and permeability [9]. More recently, as shown in
linear elasticity and conductivity problems [62, 63, 8, 60] , the SVE-to-RVE
scaling trend can compactly be grasped with the help of a scaling function.
Indeed, the latter concept is extended in this paper to random viscoelastic




In this section, we start with an introduction of tensor random fields (TRF)
in describing microstructures and some of their basic properties. Next, we
specialize this to a particular microstructure — the random checkerboard
model. Finally, we briefly review the constitutive relationship of linear vis-
coelastic solids in the frequency domain.
3.2.1 Random microstructure
Mathematically, the random material is taken as a set of all the realizations
B (ω) parametrized by sample events ω of the Ω space
B = {B (ω) ;ω ∈ Ω} . (3.1)
Any realization B(ω) of the composite B = {B(ω);ω ∈ Ω}, while spa-
tially disordered (i.e., heterogeneous), follows deterministic laws of mechan-
ics. Given our interest in scaling effects, we consider finite-size mesoscale
domains of the random medium:
Bδ = {Bδ (ω) ;ω ∈ Ω} , δ = L/d, (3.2)
where L is the domain of size, d is the typical microstructural length (e.g.,
grain size), in a two- or three-dimensional Euclidean space ED, D = {2, 3},
where D represents dimensionality of the problem (2D or 3D). One extreme
case δ = 1 signifies the description at the level of one grain, while the second
extreme δ → ∞ is the RVE limit, and, in general, one wants to know with
what precision is the RVE attained at any finite δ for specific physical and
geometric parameters.
In the world of real and man-made materials, viscoelastic microstructures
are very diverse and complex, just one example being shown in Figure 1(a).
The description of such materials is developed in terms of TRF of material
properties such as the relaxation modulus Cklmn (or, equivalently, the creep
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compliance tensor Sklmn)
Cklmn : Ω×ED×T → V or {Cklmn (ω,x, t) ; ω ∈ Ω, x ∈ B ⊂ ED, t ∈ T},
(3.3)
where V = S2(S2(ED)) (D = 2 or 3) is the space of all symmetric fourth rank
tensors over ED; T is the time domain. The constitutive equations, ∀ω ∈ Ω,















where t is the time and τ the dummy variable. For simplicity of notation, we
have written σkl(t) and εkl(t) for the TRF σkl (ω,x, t) and TRF εkl (ω,x, t).
It is seen that we are interchangeably using the symbolic (C) and the
subscript (Ci...) notations for tensors, as the need arises.
The random field C is defined over a probability space (Ω,F ,P) and a
material domain subset Bδ of ED, taking values in (a subset of) a finite-
dimensional real Hilbert space V . Also, F is the σ-algebra assumed to be
rich enough to support any random field encountered in applications, while
P is the probability measure (equivalently, a probability distribution). That
is, with C (ω,x, t) : Ω × ED × T → V denoting the TRF, this function,
for any fixed x0 ∈ B, is measurable and, as commonly done in probability
theory, C(ω, t) denotes a single realization of TRF, while C(x, t) stands for
a random tensor at a given spatial location x and time t. Henceforth, in this
subsection the explicit dependence of C on time is dropped as it is specified
by time-independent parameters (gn, km, τi) in the Prony series model (3.21)
below. In other words, the viscoelastic properties of every material point are
fixed and TRF can be characterized as the TRF of stiffness tensor. Thus,
we assume C to be second-order and mean-square continuous. Next, we let
〈C(x)〉 be the expectation (statistical average) of the field at a given x and
R(x,y) := 〈[C(x)− 〈C(x)〉]⊗ [C(y)− 〈C(y)〉]〉 (3.5)
be the two-point covariance function of C. Assuming these two functions
to be invariant with respect to arbitrary translations, implies 〈C(x)〉 ∈ V
is constant in space, while R(x,y) ∈ V ⊗ V depends only on the difference
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h = x− y, i.e. C is wide-sense stationary (WSS).
Let K = O(3) be the group of rotations and reflections in ED, and let (V, g)
be an orthogonal representation of K, g being the group action. Assume that
for all k ∈ K and for all x ∈ RD we have
〈C(kx)〉 = g(k) 〈C(x)〉 , R(kx) = g(k)R(x)g−1(k). (3.6)
Such a field is called wide-sense isotropic. In what follows, we collect the key
consequences of this assumption for the expectation and two-point correlation
functions of several TRFs.
In the special case of anti-plane viscoelasticity, one has to take V = S2(E2),
i.e. the space of all symmetric tensors of the second rank over E2, with the
representation g(k)C = kCk−1. Then 〈r(x)〉 = rI with I being the unit
second rank tensor. Using the theory of invariants, Lomakin proved that the
two-point correlationRklmn(x,y) := 〈[Ckl(x)− 〈Ckl(x)〉] [Cmn(y)− 〈Cmn(x)〉]〉
is represented in terms of 5 continuous scalar functions K1, . . . , K5 : [0,∞)→






Malyarenko & Ostoja-Starzewski [41] found an equivalent representation us-
ing different functions Mnklmn(x) (n = 1, ..., 5) which, while not as simple as
those of Lomakin, lead to spectral expansions of tensor-valued homogeneous
and isotropic random fields similar to those in [78].
In the case of in-plane or 3D viscoelasticity, one has to work with V =
S2(S2(ED)) (D = 2 or 3), whose elements are fourth rank relaxation tensors
Cklmn. Its two-point covariance function is an eighth rank tensor
Rk`mnprst(x,y) := 〈[Ck`mn(x)− 〈Ck`mn(x)〉] [Cprst(y)− 〈Cprst(x)〉]〉 . (3.8)
Taking the TRF Cklmn to be WSS and wide sense isotropic, we haveRk`mnprst(h).
Using group representation theory, Malyarenko & Ostoja-Starzewski [42]
have recently proved that this covariance is given, most generally, in terms







With such an explicit representations of a TRF of 2nd or 4th rank established,
one can turn, say, to simulations. Substantial work on specific cases of TRFs
has been reported in [71, 15] and references therein. In the following, we
work with random viscoelastic media such as delineated here.
The TRFs of constitutive properties are assumed to be ergodic in
Given that random fields are sets of realizations over space domains, it
is also important to be able to determine the probabilistic characteristics
(mean, correlation function, moments, distributions...) of a random field in
terms of just one realization C(ω) of the relaxation modulus. A WSS TRF
is said to be ergodic in the mean if the spatial average of C (ω,x, t) over B







Ck`mn (ω,x, t) dV ≡ Ck`mn(ω, t)
= 〈Ck`mn (x, t)〉 ≡
∫
Ω
Ck`mn (ω,x, t) dP(ω). (3.10)
In applications, C(ω, t) is computed from a finite number of sampling points
N (taken over one realization ω), while 〈C(x, t)〉 is computed from the en-
semble (or statistical, i.e. a mathematical expectation with respect to a
given probability distribution) average over a finite number M of available
realizations ω (taken at a chosen sampling point x).
3.2.2 Random checkerboard model
In keeping with the previous work on viscoelasticity of random materials in
the time domain [80], the computational studies reported further below will
focus on a so-called random checkerboard (or chessboard) in two dimensions
(2D); see Fig. 1(b) for a sample realization at mesoscale δ = 40 and a nominal
volume fraction of 50% of either phase. This microstructure is easy to simu-
late with square-shaped finite elements, yet it presents an interesting material
system at that volume fraction where both inclusions and quite large clus-
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ters of grains are encountered (the percolation occurs at ˜59%). Technically
speaking, the random checkerboard comes from a Bernoulli process gener-
ated on a Cartesian lattice, with each square cell occupied, independently
of realizations at all other cells, with probability p and 1 − p by phases a
and b, respectively. Henceforth, we adopt p = 1/2. For a square L × L
lattice, the number of different realizations (or the size of the entire sample
space Ω) is |Ω| = 2L×L. Each elementary event ω gives rise to one realiza-
tion Bδ (ω), which occurs with probability 1/2
L×L. The Bernoulli process is
strict white-noise in 2D, i.e. without any spatial correlation between adja-
cent points. However, our methodology also applies to microstructures with
spatial correlations such as, say, in Fig. 1(c) [31].
Figure 3.1: (a) Image on microstructure of real viscoelastic composite
(asphalt concrete mixture).(b) Realization of the random, two-phase
checkerboard on a 40× 40 lattices. (c) Numerically generated micrograph
of Gaussian correlated microstructure [31].
The mechanical properties of either phase are now specified through its
relaxation modulus tensor Cklmn(t) (or, again equivalently, its creep com-
pliance tensor Sklmn(t)). The random medium is now given in terms of a
two-state TRF
Cklmn : Ω× E2 × T → {C(a)klmn, C
(b)
klmn}, (3.11)
{Cklmn(ω,x, t); ω ∈ Ω, x ∈ B ⊂ E2, t ∈ T}, (3.12)
where the superscripts (a) and (b) denote the two possible component phases.
This is a special case of (3.3). The correlation function of this Bernoulli-type
random checkerboard is essentially of a strict-white noise type, a special case
of the general model introduced above.
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3.2.3 Complex moduli of linear viscoelastic solids
Under steady-state harmonic oscillation, the constitutive equations (3.4) can
be simplified to a quasi-elastic type, e.g. [7]. Thus, if a linear viscoelastic
material is subjected to a time-harmonic strain function with circular fre-
quency γ, the steady-state response in stress is also harmonic with the same










kl are the strain and stress amplitudes; i =
√
−1. Upon substi-
tuting (3.13) into the convolution integral and eliminating eiγt on both sides,
the quasi-elastic relationships for viscoelasticity under steady-state oscilla-












the tensors C∗klmn and S
∗
klmn are now called the complex modulus tensor and





klmn are time-independent, but functions of the loading fre-
quency (γ), and they can all be complex numbers.
The physical meaning of complex moduli is better illustrated by expressing
the equation (3.14) in polar coordinates:
|σAkl|eiφσ = |C∗klmn(γ)|eiφC |εAmn|eiφε , |εAkl|eiφε = |S∗klmn(γ)|eiφS |σAmn|eiφσ ,
(3.15)
where |.| denotes the magnitude of the complex number and φ represents the










φC = φσ − φε, φS = φε − φσ. (3.17)
Clearly, the absolute value of complex moduli characterizes the ratio be-
tween magnitudes of stress and strain, while its associated argument φ, also
called a phase angle in viscoelasticity, represents the time lag between stress
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and strain. In most viscoelastic solids, the stress and strain signals are not in-
phase, which makes φ 6= 0. The above equations also justify the experimental
approaches to measure complex moduli in dynamic testing. A comparison of
the equations in (3.16) and (3.17), leads to relationships for interchange of
viscoelastic properties in the frequency domain, which are much straightfor-




, φC = −φS. (3.18)
Technically speaking, the complex modulus and complex compliance are just
the Fourier transforms of relaxation modulus and creep compliance in the
time domain. Hence, once either one of these is determined, the other should
automatically follow.
Assuming the viscoelastic response on microscale (i.e. of each phase) to
be isotropic, the time-dependent stiffness tensor C(t) is characterized by the
relaxation shear modulus µ (t) and relaxation bulk modulus k(t)
C(t) = 2µ (t) K + 3k(t)J, (3.19)











(δkmδln + δknδlm) , (3.20)





















with gn, km, τi being the parameters fitted through experimental tests. In
general, the time-dependence of shear and bulk is not necessarily the same.
On the other hand, once all the coefficients in Prony series determined, the
frequency domain properties also set. Taking, for example, the shear modulus





















with the magnitude and phase angle of complex properties being
|µ∗(γ)| =
√




The same type of formula for the bulk modulus k∗ holds as well.
3.3 Scaling to RVE: theoretical results
In this section, we focus on the theoretical development of scaling from SVE
to RVE for viscoelastic solids. In part (a), we consider the complex mod-
uli for any general viscoelastic heterogeneous body at finite scales. In part
(b), the hierarchies of the viscoelastic mesoscale bounds are derived using
the minimum energy theorems extended from elasticity. In part (c), we ex-
press the form of complex scaling function for viscoelasticity in terms of the
scale- and frequency-dependent apparent properties. The theoretical results
demonstrated in this section are verified through numerical simulations in
section 4.
3.3.1 Apparent properties of a heterogeneous body
For a heterogeneous viscoelastic body at finite scales, Bδ(ω), the constitutive
equations (3.14) in the homogenized material systems are generally defined
in terms of volume averages (with an overbar):
σkl
A = C∗klmn,δ(γ, ω)εmn
A, εkl
A = S∗klmn,δ(γ, ω)σmn
A. (3.24)
Note that the expression σkl
A denotes the amplitude of the volume averaged
stress, which is evaluated by taking volume average first and then deriving
amplitude. The subscript δ in C∗klmn and S
∗
klmn demonstrates the scale de-
pendence of established properties, to be further discussed below. Generally,
σkl
A and εkl
A are functions of the given mesoscale, loading frequency γ and
realization ω ∈ Ω. Here, according to [25], the tensors C∗klmn,δ(γ, ω) and
S∗klmn,δ(γ, ω) may also be called apparent complex modulus and compliance.
We can determine such properties from the standpoint of the Hill-Mandel
macrohomogeneity condition, which guarantees the equivalence between en-
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ergetic and mechanical approaches in setting up constitutive equations. In
the time-dependent material like viscoelasticity, this condition [25] is
σ : ε̇ = σ : ε̇, (3.25)
where the overdot represents the time derivative. At finite scales, (3.25)
holds under either of three types of boundary loading applied to a specific
realization Bδ(ω) ∈ Bδ through:
• kinematic uniform boundary condition (KUBC)
uk(x, t) = ε
0
kl(t)xl, ∀x ∈ ∂Bδ(ω); (3.26)
• static uniform boundary condition (SUBC)
tk(x, t) = σ
0
kl(t)nl, ∀x ∈ ∂Bδ(ω); (3.27)
• kinematic-static (or mixed-orthogonal) boundary condition
(uk(x, t)− ε0kl(t)xl)(tk(x, t)− σ0kl(t)nl) = 0, ∀x ∈ ∂Bδ(ω). (3.28)
Here σ0kl(t) and ε
0
kl(t) are the imposed constant tensor functions of time
(but not space). [Actually, in viscoelasticity considered here, the loading
(3.27) is quasi-static, but we call it ”static” consistent with the earlier works
of Huet].
The equations (3.26) and (3.27) also justify the mean (volume average)
strain and stress theorems:
εkl(t) = ε
0
kl(t), σkl(t) = σ
0
kl(t). (3.29)
Given that Bδ is a statistical ensemble of realizations of Bδ(ω) for any
mesoscale δ, the boundary conditions (3.26), (3.27), and (3.28) specify, re-
spectively, three types of stochastic initial-boundary value problems. Hence-
forth, we focus on the first two of these as they can deliver bounds (indeed,
scale-dependent bounds) on macroscopic response. More to the point, the
mesoscale (apparent) properties of a heterogeneous body, i.e. Bδ(ω), are
generally scale and boundary condition dependent. In continuum elasticity,
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bounds of elastic responses of random composites have been proved using
variational principles in combination with assumptions of spatial ergodicity
and stationarity of the microstructure[26, 64]. For viscoelastic random mate-
rials, similar bounds for relaxation modulus and creep compliance in the time
domain have been derived using extended viscoelastic minimum principles
[25, 27, 20] and also demonstrated numerically for a random checkerboard
microstructure [80].
In the time-harmonic case σkl(x, t) = σ̂kl(x)e
iγt and εkl(x, t) = ε̂kl(x)e
iγt;
the hat being used to indicate the spatially dependent quantities. Thus,
working in the frequency domain, the linear viscoelastic problem is equivalent
to a spatial problem (neglecting the inertial effects and body forces)
σ̂kl,l = 0, in B
ûk = ĝk, on ∂B
u
δ ;




with the constitutive equations and strain-displacement relations also satis-








(ûk,l + ûk,l) (3.32)
In (3.30), ∂Buδ and ∂B
t
δ are, respectively, the displacement-controlled and
traction-controlled parts of the entire boundary ∂Bδ, such that ∂B
u
δ ∪∂Btδ =
∂B and ∂Buδ ∩ ∂Btδ = ∅. The boundary conditions are also assumed to have
harmonic dependence: ui(x, t) = ĝie
iγt on ∂Buδ and ti(x, t) = ĥie
iγt on ∂Btδ.
From (3.30) to (3.32), it is clear that the equations in viscoelastic steady-
state oscillation retain the same form as those of ordinary elasticity except
that the stiffness tensor is now complex.
3.3.2 Hierarchies of mesoscale bounds
Focusing on the steady-state response, the Hill-Mandel condition (3.25) be-
comes
σ̂ : ε̂ = σ̂ : ε̂, (3.33)
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with (3.6) replaced by
ε̂kl = ε
0
kl, σ̂kl = σ
0
kl. (3.34)
The apparent properties are defined from a modification of (3.26) and (3.27):
• uk(x, t) = ε0kl sin(γt)xl ∀x ∈ ∂Bδ(ω) and
σkl
A = C∗klmn,δ(γ, ω)ε
0
mn; (3.35)
• tk(x, t) = σ0kl sin(γt)nl ∀x ∈ ∂Bδ(ω) and
εkl
A = S∗klmn,δ(γ, ω)σ
0
mn. (3.36)
In the above ε0kl and σ
0
kl are real-valued constant tensors, while σkl
A and εkl
A
are complex-valued amplitudes of the volume average stress and strain. To be






The derivation of scale-dependent bounds follows a similar procedure to
that for elastic random materials and is illustrated in 2D with the help of Fig.
3.2; the same approach then holds for a 3D situation. To this end, consider a
square-shaped mesodomain of a composite body Bδ(ω) and evenly partition
it into four square-shaped bodies Bδs(ω), s = 1, ..., 4, with δs = δ/2. Next,
introduce two types of boundary value problems (BVP) in terms of KUBC
applied over the mesodomain Bδ(ω): unrestricted
uk(x) = ε̂
0




klxl, ∀x ∈ ∂Bδs(ω), s = 1, ..., 4. (3.38)
Given that the stress and strain fields of the BVP under the restricted con-
dition (3.38) are admissible under the unrestricted condition (3.37), whereas
the stress and strain fields of the BVP under (3.37) are inadmissible under











where U (ω, ε̂0kl) and U
r (ω, ε̂0kl) stand for energies stored inBδ (ω) under (3.37)













Figure 3.2: Partition of the domain into four subdomains, each of mesoscale
δ′ = δ/2.
Being statistically averaged, the two media compared in (3.40) are homo-
geneous, so that now the third minimum theorem of Christensen [7] applies.
As a result, and in view of statistical isotropy of the microstructure, these
statistically averaged media are isotropic so that we obtain inequalities on
apparent relaxation shear (µ∗δ) and bulk (k
∗
δ ) moduli
Re(〈µ∗δ(γ)〉) ≤ Re(〈µ∗δs(γ)〉), Im(〈µ
∗
δ(γ)〉) ≤ Im(〈µ∗δs(γ)〉), ∀δs = δ/2,
(3.41)
Re(〈k∗δ (γ)〉) ≤ Re(〈k∗δs(γ)〉), Im(〈k
∗
δ (γ)〉) ≤ Im(〈k∗δs(γ)〉), ∀δs = δ/2.
(3.42)
Note that it is preferable to work with these two moduli rather than with the
shear modulus and Poisson ratio, because the Poisson ratio can be regarded
as frequency independent only in very specific situations [22, 34] .
Just as for the elastic heterogeneous media, the conclusions in (3.41)-
(3.42) can also be applied to non-commensurate partitions, leading to scale-
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dependent hierarchies for complex shear and bulk responses, ∀δ′ < δ,
Re(µ∗∞(γ)) ≤ ... ≤ Re(〈µ∗δ(γ)〉) ≤ Re(〈µ∗δ′(γ)〉) ≤ ... ≤ Re(〈µ∗1(γ)〉),
Im(µ∗∞(γ)) ≤ ... ≤ Im(〈µ∗δ(γ)〉) ≤ Im(〈µ∗δ′(γ)〉) ≤ ... ≤ Im(〈µ∗1(γ)〉).
(3.43)
Re(k∗∞(γ)) ≤ ... ≤ Re(〈k∗δ (γ)〉) ≤ Re(〈k∗δ′(γ)〉) ≤ ... ≤ Re(〈k∗1(γ)〉),
Im(k∗∞(γ)) ≤ ... ≤ Im(〈k∗δ (γ)〉) ≤ Im(〈k∗δ′(γ)〉) ≤ ... ≤ Im(〈k∗1(γ)〉).
(3.44)
The tensors µ∗∞ and k
∗
∞ denote the responses for an infinitely large domain
(i.e., macroscale or RVE).
The foregoing approach may be employed to assess scaling trends of compli-




klnl(x), ∀x ∈ ∂Bδ, (3.45)
and restricted (r) SUBC
trk(x) = σ
0
klnl(x), ∀x ∈ ∂Bδs(ω), s = 1, ..., 4. (3.46)
so as, using the principle of minimum complementary energy, followed by













Here the terms on left and right hand sides stand, respectively, for energies
stored in Bδ under (3.45) and (3.46). The inequality hinges on the fact that
the stress and strain fields of the BVP under the restricted condition (3.46)
are admissible under the unrestricted condition (3.45), but not vice versa.
Again, since we now deal with two homogeneous and isotropic media, the
fourth minimum theorem of Christensen [7] applies. As a result, we obtain
inequalities on apparent shear (J∗δ ) and bulk (L
∗
δ) compliances
Re(J∗∞(γ)) ≤ ... ≤ Re(〈J∗δ (γ)〉) ≤ Re(〈J∗δ′(γ)〉) ≤ ... ≤ Re(〈J∗1 (γ)〉),
Im(J∗∞(γ)) ≥ ... ≥ Im(〈J∗δ (γ)〉) ≥ Im(〈J∗δ′(γ)〉) ≥ ... ≥ Im(〈J∗1 (γ)〉).
(3.48)
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Re(L∗∞(γ)) ≤ ... ≤ Re(〈L∗δ(γ)〉) ≤ Re(〈L∗δ′(γ)〉) ≤ ... ≤ Re(〈L∗1(γ)〉),
Im(L∗∞(γ)) ≥ ... ≥ Im(〈L∗δ(γ)〉) ≥ Im(〈L∗δ′(γ)〉) ≥ ... ≥ Im(〈L∗1(γ)〉).
(3.49)
Since all the terms in (3.48)2 and (3.49)2 are negative, the inequality in its
absolute values is reversed in order. On account of (3.43) and (3.48), there
results a hierarchy of absolute values of complex shear modulus
|〈J∗1 〉|−1 ≤ ... ≤ |〈J∗δ′〉|−1 ≤ |〈J∗δ 〉|−1 ≤ ... ≤ |〈J∗∞〉|−1
= |〈µ∗∞〉| ≤ ... ≤ |〈µ∗δ〉| ≤ |〈µ∗δ′〉| ≤ ... ≤ |〈µ∗1〉|, ∀δ′ < δ, (3.50)
while, (3.44) and (3.49) lead to a hierarchy of absolute values on complex
bulk modulus
|〈L∗1〉|−1 ≤ ... ≤ |〈L∗δ′〉|−1 ≤ |〈L∗δ〉|−1 ≤ ... ≤ |〈L∗∞〉|−1
= |〈k∗∞〉| ≤ ... ≤ |〈k∗δ〉| ≤ |〈k∗δ′〉| ≤ ... ≤ |〈k∗1〉|, ∀δ′ < δ. (3.51)
As mentioned earlier, the mesoscale δ = 1 essentially represents a do-
main that contains only one phase in a random checkerboard, and this is
where elementary bounds can be taken. Considering, for instance, the com-
plex shear modulus, the ensemble averages 〈µ∗1〉 and 〈J∗1 〉 are the weighted
properties based on the relative statistical occurrences of both phases. In
micromechanics 〈µ∗1〉 and 〈J∗1 〉 correspond to the Voigt and Reuss bounds
(see e.g.[26]) which, for two-phase composites, take the forms
Voigt bound: 〈µ∗1〉 = vµ∗a + (1− v)µ∗b (3.52)
and











With reference to Ranganathan and Ostoja-Starzewski[62] , the scaling func-
tion quantifies the discrepancies between ensemble averaged properties at any
given mesoscale, showing that the smaller is the discrepancy, the closer is the
material to the RVE. This is now generalized to a viscoelastic random mate-
rial setting. Begin with the constitutive equation in terms of the convolution






































Keeping in mind that under the boundary conditions (3.26) and (3.27), all
the stress components are in phase and all the strain components are also in
phase (albeit with a phase shift relative to stresses), the viscoelastic material
on any mesoscale is characterized uniquely by two pairs of complex moduli:
{µ∗δ(γ), k∗δ (γ)} and {J∗δ (γ), L∗δ(γ)}. Thus, the ensemble averaged complex
modulus 〈C∗δ〉 and compliance 〈S∗δ〉 are:







where J and K have been defined in (3.20). A contraction of 〈C∗δ〉 and 〈S∗δ〉
in 3.56 leads to a scaling function f ∗
f ∗(δ) = 5〈µ∗δ(γ)〉〈J∗δ (γ)〉+ 〈k∗δ (γ)〉〈L∗δ(γ)〉 − 6, (3.57)
which effectively generalizes the scaling function of random elastic materials
[62]. For random viscoelastic materials the four moduli appearing in (3.57)
are frequency dependent and also complex, rendering the scaling function
f ∗(δ) complex rather than real.
Focusing on the special case of plane stress state (σ31 = σ32 = σ33 =
0), generalizing from the linear elastic case [61], the scaling function for
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viscoelasticity becomes:






2D,δ(γ)〉 − 3, (3.58)
where µ∗2D = σ12
A/(2 ∗ ε12A) and k∗2D = (σ11 + σ22)A/(2(ε11 + ε22)A) . In
polar coordinates, the scaling function is expressed as:
f ∗(δ) = 2
∣∣∣〈µ∗2D,δ(γ)〉∣∣∣ ∣∣∣〈J∗2D,δ(γ)〉∣∣∣ ei(φµ+φJ )
+
∣∣∣〈k∗2D,δ(γ)〉∣∣∣ ∣∣∣〈L∗2D,δ(γ)〉∣∣∣ ei(φk+φL) − 3. (3.59)
The general algorithm for determining the scaling function is given below.
For demonstration, we take the example of general isotropic viscoelasticity,
for which the scaling function follows (3.57). Only one loading frequency γ
is presented in the algorithm, and for other frequencies the same procedure
has to be repeated.
Algorithm 1: Developing scaling function (3.57) at single frequency γ
for δ = 2,4,8,16 do
for i = 1 : M (number of realizations) do
Evaluate µ∗δ(ω, γ) and k
∗
δ (ω, γ) under KUBC (3.35);
Evaluate J∗δ (ω, γ) and L
∗
δ(ω, γ) under SUBC (3.36);
end
Take the ensemble average, and calculate 〈µ∗δ(γ)〉,〈k∗δ (γ)〉,〈J∗δ (γ)〉
and 〈L∗δ(γ)〉;
Substitute the above four moduli into (3.57), and calculate f ∗(δ, γ).
end
3.4 Scaling to RVE: numerical results
3.4.1 Computational mechanics procedure
In order to quantitatively demonstrate the mesoscale hierarchies and the
scaling function as well as their frequency dependencies we run computational
mechanics on the planar random checkerboard of Fig. 3.1(b). The boundary
value problems are solved using the finite element method (FEM) with a
commercial solver Abaqus. For each realization and any given frequency, the
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2D bulk modulus k∗2D,δ and 2D shear modulus µ
∗
2D,δ are calculated separately
using (3.35) and (3.36). For the shear behavior, the prescribed strain and
stress tensors are set to be ε011 = ε
0
22 = 0, ε
0
12 6= 0 for KUBC and σ011 = σ022 = 0,










Similarly, we have ε011 = ε
0
22 = ε
0 6= 0, ε012 = ε021 = 0 in KUBC and σ011 =
σ022 = σ













Simulations are performed over a set of realizations at each mesoscale and
also over a range of loading frequencies. These realizations, mesoscales, and
frequencies are specified below. Upon ensemble averaging, the frequency-
dependent apparent properties at mesoscale δ are derived:
from (3.60): 〈µ∗2D,δ(γ)〉; 〈J∗2D,δ(γ)〉;
from (3.61): 〈k∗2D,δ(γ)〉; 〈L∗2D,δ(γ)〉. (3.62)
In order to facilitate a comparison, the material properties are kept the
same as in the time domain investigation [80], where one phase is taken as
linear viscoelastic while the second one is elastic. The viscoelastic behavior
is implemented using Prony series as (3.21) with only one term considered
for simplicity, which, in terms of mechanical analogs, corresponds to a gen-
eralized Maxwell (or Zener) model. Values of all the relevant coefficients
are listed in Table 1, with the elastic phase being twice stiffer in Young’s
modulus but having the same Poisson ratio as the viscoelastic phase. The
bulk and shear behaviors of viscoelastic phase are set to be different, with
the bulk modulus less sensitive to time (k1 < g1), which is consistent with
many results on polymers [36].
In the FE simulations, all the cells of the checkerboard are assumed to be
perfectly bonded and simulations are performed at δ = 2, 4, 8, 16 over the
frequency range from 0.05 Hz to 50 Hz. At each mesoscale, both stochastic
boundary value problems are handled by a Monte Carlo sampling of the
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Figure 3.3: Hierarchies of mesoscale bounds on the 2D complex shear
modulus: (a) absolute value, (b) phase angle.
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Table 3.1: Properties of two phases
Type k (MPa) µ (MPa) g1 k1 τ1
Mat A Elastic 50 23.08
Mat B Viscoelastic 25 11.54 0.9 0.25 0.25
random medium Bδ, with the number of realizations generated chosen such
that the ensemble averaged behavior stabilizes to within a small error. For
the moderate material contrast taken here, the numbers of realizations for
δ = 4, 8, 16 are, respectively, 100, 60, 40. The Monte Carlo approach is
not necessary for δ = 2, where the entire ensemble of 16 realizations of B2
can fully be accounted for. Each boundary value problem is solved quasi-
statically in Abaqus (using the key word *VISCO) and only the steady-state
stress and strain outputs are used to determine mesoscale properties for that
realization. The stress and strain data in the domain are first averaged and
then fitted to a harmonic function to extract amplitude and phase angle.
To better resolve the stress and strain distributions at the interface of
two phases, quadratic elements are used instead of bilinear elements; the
mesh density becomes more important in assuring the accuracy of solution
obtained using FEM in the case of strong mismatch in phases’ properties
(Kale et al., 2015). For our microstructure of random checkerboard at vol-
ume fraction 0.5 a comprehensive mesh sensitivity analysis was conducted in
(Zhang & Ostoja-Starzewski, 2015), where it was found that, for the chosen
constituent properties, the mesh density of 4× 4 elements per one square of
the checkerboard provides a stable solution and sufficient accuracy.
3.4.2 Hierarchies of mesoscale bounds
Upon Monte Carlo sampling, the averaged mesoscale properties of 2D shear
modulus and 2D bulk modulus for all the mesoscales and both boundary
conditions are plotted in Figs. 3.3-3.4. The frequency dependence of the
viscoelastic phase is determined analytically through (3.22)-(3.23) and the
Voigt and Reuss bounds are also given by formulas (3.52) and (3.53).
As seen in Figs. 3.3-3.4 the ensemble mesoscale properties, in terms of both
magnitude and phase angle, exhibit a clear frequency-dependence, which
means that the effect of viscoelasticity has been blended into the composites.
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Figure 3.4: Hierarchies of mesoscale bounds on the 2D complex bulk
modulus: (a) absolute value, (b) phase angle.
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The numerically derived mesoscale properties fall between those of both com-
ponent phases, and also the traditional Voigt bound and Reuss bound. There
is a consistent trend for both (KUBC and SUBC based) ensemble mesoscale
properties to converge to one another, from above and from below, as the
mesoscale δ increases, with ever lower discrepancy, thus providing converging
bounds on the effective (RVE) properties of the composite. For the particu-
lar system, the mesoscale bounds at δ = 16 provide very close estimates for
both bulk and shear moduli of the random checkerboard at volume fraction
0.5.
The hierarchies on the magnitude of complex shear modulus |〈µ∗〉| in 3D
carry over to the 2D. The 2D bulk modulus, is related to that in 3D through
1/k2D = 1/3µ+ 4/9k [73]. The hierarchies in real and imaginary parts of 3D
complex modulus k∗ and µ∗ are preserved. To sum up, the conclusions in 2D
are analogous to those in 3D. The theoretical hierarchies (3.50) and (3.51) in
terms of the magnitude of 2D complex shear and bulk moduli are confirmed
in numerical results of Figs. 3.3(a) and 3.4(a). Additionally, new hierarchies
in phase angles are brought out in Figs. 3.3(b) and 3.4(b), which are:
− 〈φJ∗1 〉 ≤ ... ≤ −〈φJ∗δ′ 〉 ≤ 〈−φJ∗δ 〉 ≤ ... ≤ −〈φJ∗∞〉
= 〈φµ∗∞〉 ≤ ... ≤ 〈φµ∗δ 〉 ≤ 〈φµ∗δ′ 〉 ≤ ... ≤ 〈φµ∗1〉, ∀δ
′ < δ, (3.63)
and
− 〈φL∗1〉 ≤ ... ≤ −〈φL∗δ′ 〉 ≤ 〈−φL∗δ 〉 ≤ ... ≤ −〈φL∗∞〉
= 〈φk∗∞〉 ≤ ... ≤ 〈φk∗δ 〉 ≤ 〈φk∗δ′ 〉 ≤ ... ≤ 〈φk∗1〉, ∀δ
′ < δ. (3.64)
If the mesoscale properties are plotted as function of mesoscale δ for mul-
tiple frequencies, the rate of convergence in mesoscale bounds is found to
be dependent on the loading frequency. In fact, as Fig. 3.5 shows, the dis-
crepancy between mesoscale bounds on |µ∗| is larger for the same δ at lower
frequencies. This is because the viscoelastic material is softer than the elastic
phase and, at lower frequencies, this introduces larger discrepancies in ma-
terial properties. Thus, larger domain is required to homogenize the random
material to RVE. Hence, in homogenization of the viscoelastic composite,
the actual size of RVE varies with loading frequency and depends on actual
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Figure 3.5: Hierarchies of mesoscale bounds for several frequencies ω.
discrepancies between the constituents at that frequency. For comparison,
the mesoscale bounds for the corresponding elastic problem, which contains
the same microstructure but with only elastic properties (g1, k1, τ1 = 0 in
Table 1) are also included. The elastic problem can be regarded as a limiting
case at an extremely high loading frequency in which the loss modulus of
(3.22) goes to 0.
3.4.3 Normalized scaling function
Finally, we would like to determine the form of scaling function for plane
stress viscoelasticity (3.58). For the random checkerboard, it should be a



















Now, note that the scaling function f ∗(δ) should go to 0 as δ → ∞ since
the KUBC and SUBC controlled moduli are identical for the RVE, i.e.
lim
δ→∞
Re(f ∗) = lim
δ→∞
Im(f ∗) = 0 or |f ∗| = 0. (3.66)






















f ∗(δ = 1, γ) = 2µ∗V2D (γ) J
∗R





Since f ∗(δ, γ) attains a maximum at δ = 1 and then monotonically decreases





such that 0 ≤ |g∗(δ, γ)| ≤ 1, |g∗(1, γ)| = 1, and |g∗(∞, γ)| = 0.
Table 3.2: Analytical properties of component phases
Type Frequency k2D φk µ2D φµ
(Hz) (MPa) (MPa)
Mat A Elastic all 28.57 0 23.08 0
Mat B Viscoelastic 0.05 2.69 0.54 1.46 0.59
0.1 3.83 0.75 2.12 0.85
0.2 6.17 0.80 3.63 0.96
0.3 8.01 0.73 5.03 0.92
1 12.75 0.37 9.75 0.50
3 14.07 0.14 11.29 0.01
50 14.29 0.008 11.54 0.50
Mat C Elastic all 114.29 0 92.31 0
Mat D Viscoelastic 0.2 27.51 0.20 19.50 0.28
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As discussed earlier, the viscoelastic material exhibits different properties
at different frequencies. Hence, the simulation of a composite at any different
frequency can be regarded as a combination of different component phases. In
this analysis, we consider seven loading frequencies spread over a wide range
from 0.05 Hz to 50 Hz. The analytic values of modulus and phase angle in
2D at those frequencies are listed in Table 2. Since the elastic problem is also
a special case of viscoelasticity and in order to test the applicability range
of g∗(δ, γ), we add one more scenario where the composite is made of two
elastic phases at large contrast (E1/E2 = 8), i.e. Mat A and Mat C (E = 240
MPa, ν = 0.3) in Table 2.
Also of interest is a scenario of both component phases being viscoelastic:
Mat B and Mat D (E = 90 MPa, ν = 0.3, g1 = 0.5, k1 = 0.2, τ1 = 0.25).
The scaling function (3.58) is calculated for the viscoelastic-elastic composite
(Mat A-Mat B) at all sample frequencies and the viscoelastic-viscoelastic
composite (Mat B-Mat D) at 0.2 Hz. The magnitude of scaling function for
all the material systems is plotted in Fig. 3.6(a). As expected, |f ∗(δ, γ)|
decreases monotonically as the mesoscale increases, with its specific value
depending on the particular material system and loading frequency . Upon
normalization (3.69), however, this variability in |f ∗(δ, γ)| is eliminated and
all the results, including the elastic control test, collapse onto one curve, Fig.
3.6(b), of stretched-exponential form:
|g∗(δ)| = exp(−0.45 ∗ (δ − 1)0.66). (3.70)
with dependency on the particular material system and loading frequency
both eliminated.
Effectively, the scaling function f ∗(δ, γ) is determined by two factors: (i)
the microstructural geometry and (ii) the material contrast. As suggested
by (3.68), the information on material heterogeneity and frequency depen-
dence are included in |f ∗(1, γ)|, so that the absolute value of the normalized
scaling function |g∗(δ)| only captures the mesoscale effects of microstruc-
ture. Thus, |g∗(δ)| can be used to characterize the homogenization trend
from SVE towards RVE for a given material regardless of the properties of
its component phases, and thus grasp the cumulative, mesoscale effect of
random microstructure Bδ.
From another perspective and if the normalized scaling function g∗(δ, γ)
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Figure 3.6: Scaling function of 2D random checkerboard model for all tests:
(a) before normalization,(b) after normalization.
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Figure 3.7: Normalized scaling function g∗(δ) in the complex plane. Paths
of g∗(δ) for increasing δ are shown for various material systems studied.
is plotted in the complex plane (see Fig. 3.7), it is seen that the complex
scaling function in viscoelasticity approaches 0 as δ increases to ∞ along a
specific path in complex plane, instead of staying on the real axis as in the
case of elasticity. Note that, for any fixed δ, g∗(δ, γ) falls onto the same circle
for different heterogeneous material systems, providing their microstructural




This paper reports the scaling trends in the frequency domain of the SVE-to-
RVE scaling for a random material with linear viscoelastic, perfectly-bonded
microconstituents, characterized by statistically homogeneous and isotropic
tensor random fields. The homogenization is studied in the frequency domain
(i.e. for steady-state harmonic responses) within the framework dictated by
the Hill-Mandel condition. In particular, we: (1) set up a procedure for eval-
uating frequency domain properties of linear viscoelastic heterogeneous bod-
ies stemming from uniform kinematic (KUBC) and static (SUBC) boundary
conditions applied to finite size domains; (2) obtain hierarchies of frequency-
dependent viscoelastic mesoscale bounds on shear and bulk type responses;
(3) develop a complex-valued scaling function (of stretched-exponential type)
to grasp the scaling trend to RVE. In general, the stochastic KUBC and
SUBC problems provide, with increasing mesoscale, monotonically conver-
gent bounds on the RVE response. The normalized complex scaling function,
being an extension of the one developed earlier for random elastic compos-
ites, can be employed to predict the mesoscale behavior of the viscoelastic
composite for other combinations of microconstituents’ properties and other
microstructural geometries. The scaling bounds, the scaling function, and
their frequency dependencies are quantitatively demonstrated on two par-
ticular microstructural cases (one phase is viscoelastic while another elastic,
and both phases are viscoelastic) for various choices of viscoelastic proper-
ties and shown to follow the same trends. While the numerical examples are
carried out for planar random checkerboard morphologies, the theoretical re-
sults also apply to other systems in 2D and 3D or anti-plane viscoelasticity,




Scaling function in viscoelastic random
composites
4.1 Introduction
In this chapter, we continue to investigate the scaling functions on viscoelas-
tic random composites. The proposed scaling function in Chapter 3, which is
shown to be unique on the same random checkerboard microstructure among
different loading frequencies and materials compositions, is further evalu-
ated with a wider range of viscoelastic coefficients and more complicated
microstructures. The scaling function effectively quantifies the geometric ef-
fects in the homogenization trend from a Statistical Volume Element(SVE)
towards a Representative Volume Element(RVE) for the given microstruc-
tures and it can be applied to understand the microstructure effects at sub-
RVE scales for various physical problems.
4.2 Normalized scaling function
We still focus on the scaling function of plane stress viscoelasticity, which is
of the form:






2D,δ(γ)〉 − 3, (4.1)
where 〈µ∗2D,δ(γ)〉, 〈J∗2D,δ(γ)〉 and 〈k∗2D,δ(γ)〉, 〈L∗2D,δ(γ)〉 are ensemble averages
of the shear and bulk properties obtained at each given mesoscale δ and given
frequency γ. For each single realization, µ∗2D,δ(ω, γ) and k
∗
2D,δ(ω, γ)〉 are
calculated under the KUBC of the steady-state oscillation while J∗2D,δ(ω, γ)
and L∗2D,δ(ω, γ) are from SUBC of the steady-state oscillation.
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such that 0 ≤ |g∗(δ)| ≤ 1, |g∗(1)| = 1, and |g∗(∞)| = 0.
4.3 Computational model
The mesoscale bounds and scaling function are developed following the same
procedure as specified in section 3.4.1. A random composite is completely
defined by two key components: i)micro-structure (i.e.,structural heterogene-
ity); ii)phase properties (i.e.material heterogeneity). Once these two are de-
fined, the stochastic initial-boundary value problems are handled by a Monte
Carlo sampling of the random medium Bδ at each mesoscale and loading fre-
quency. The viscoelastic problem is solved quasi-statically using Abaqus and
only steady-state responses are used to evaluate the mesoscale properties.
4.4 Numerical results
4.4.1 Effects of time dependent parameters
In most viscoelastic solids, the time dependencies between shear and bulk
moduli can be drastically different. This is consistent with the argument by
Hilton [22] that time independent Poisson ratio in viscoelasticity only exists
under severely restricted conditions. In experiments, disparity in shear and
bulk relaxation behavior have been reported in many viscoelastic materials,
including glassy polymers, asphalt and human articular cartilage [79, 10,
19]. These observations are explained by molecular theory that the shear
viscoelastic response is due to the ordering of polymer chains, while the bulk
viscoelastic response is associated with loss of free volume [79].
Noted that in the normalized scaling function (4.2), complex shear and
complex bulk moduli are handled in separate terms. Hence, their frequency
dependency can be totally different. In Chapter 3, it is observed that the
scaling to RVE for the same viscoelastic random microstructure approaches
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origin at same rate irrespective of the material composition. It is nature
to question whether this concept still applies if significant difference in time
dependency between bulk and shear behavior are introduced.
Figure 4.1: Viscoelastic responses for different time dependent parameters
in Table 1:(a) Relaxation modulus. (b) Storage and loss modulus.
Table 4.1: Properties of two phases
Type µ0 k0 g1 k1 τg τk
(MPa) (MPa) (s) (s)
Phase A Elastic 23.08 50
Phase B Viscoelastic case 1 11.54 25 0.9 0.9 0.25 0.25
Viscoelastic case 2 11.54 25 0.9 0.25 0.25 0.25
Viscoelastic case 3 11.54 25 0.9 0.9 0.25 25
To follow the previous study, the simulations are conducted on the same
two-phase random checkerboard with a nominal volume fraction of 0.5. One
phase is set to be viscoelastic and the other is kept elastic(Phase A and
Phase B). For simplicity, only one term from Prony series is considered. The
time(frequency) dependency of shear and bulk behaviors are described by
two different sets of parameters: (g1, τg) for shear and (k1, τk) for bulk. The
elastic phase is still chosen to be stiffer, which is the case for most polymer-
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Figure 4.2: Scaling function for random checkerboard with different
viscoelasticity coefficients.
composites. The phases contrast in the system is intermediate, with the
instantaneous moduli of the viscoelastic phase to be half of the elastic phase.
The scaling function for three cases are calculated through (4.1)and (4.2),
with time dependent parameters as listed in Table 1. The coefficients between
shear and bulk behavior are set to be different in terms of both magnitude
g1 6= k1 and time constants τg 6= τk. In the first case, the exactly same
time dependency is assigned between shear and bulk moduli, i.e. g1 = k1,
τg = τk. This is actually the ideal case when a real valued and frequency-
independent Poisson ratio exists for the viscoelastic phase. Then, we reduce
the magnitude of the bulk term k1 but still keep the time constants the same.
This represents a less sensitive response in bulk. Finally, we increase the bulk
relaxation time scale constant to be 100 times of shear (τk = 100τg), which is
close to most real polymers. The analytical results of the time and frequency
dependency for all three cases are shown in Fig. 4.1.
To ensures a significant disparity in complex properties among all three
cases, all the mesoscale bounds are derived at 0.3Hz and then plugged into
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the equation 4.1. As shown in Fig.4.2, after normalization, magnitudes of
the normalized scaling function |g∗| collapse again among all three case and
coincide with the fitted curve developed previously. It means that the pro-
posed scaling function is not only independent on the loading frequencies
for the same material composition, it is also insensitive to other material
compositions in terms of time dependent behavior. This further justifies the
applicability of our proposed scaling function in quantifying the geometric
effects only in scaling from SVE to RVE for a given microstructure.
4.4.2 Effects of microstructure
In addition to Random checkerboard , which is generated from a white-noise
process, spatial correlation can be added to form more realistic-looking and
cluster-inclusions materials [74, 77]. For example, it has been shown that
the microstructural features of interpenetrating phase composites(IPCs) can
be generated numerically using an isotropic Gaussian correlation function
with the correlation length λ, which determines the distribution of clusters.
The numerically generated microstructures compare reasonably well with the
micrographs from experiments [31, 1, 29]). Examples of the random checker-
board and the Gaussian correlated microstructure with volume fraction 0.5
at the same mesoscale are shown in Fig. 4.3.
Figure 4.3: Two-phase microstructure at volume fraction 0.5:(a) Realization
of random checkerboard on a 128 × 128 lattice.(b) Realization of Gaussian
correlated microstructure on the same lattice with correlation length λ = 2.
With the focus on the influence of microstructure, properties of the two
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constituents are just set to be Phase A and Phase B (case 2) in Table 4.1.
To effectively capture the characteristic features of correlation length λ, the
sample size δ has to be t times larger than λ. Choosing λ = 2, Monte
Carlo sampling of the random medium were employed at δ = 8, 16, 32 and
steady-state harmonic FEM simulations are performed at 0.1Hz, 1Hz and
10Hz.
Mesoscale bounds of the complex shear properties are first plotted for all
three frequencies in Fig. 4.4. Convergence of the apparent properties after
statistical average between KUBC and SUBC are clear shown as δ approaches
the size of RVE. With the phase contrast indicated at δ = 1, closeness of the
mesoscale bounds at the same mesoscale δ are actually influenced by the
loading frequency. Given that the viscoelastic phase is softer in our case, the
material heterogeneity in the system increases from 2 to 10 as the loading
frequency reduces. The largest discrepancy occurs at 0.1Hz.
Absolute values of scaling functions f ∗(δ) and g∗(δ) are then plotted in
Fig. 4.5. A extra scenario with both phases elastic and at a contrast of
4 (E1/E2 = 4) is also included. Magnitudes of scaling function f
∗(δ) for
all cases decreases monotonically towards 0, demonstrating a convergence
of mesoscale properties between the displacement and traction boundary
conditions. Values of |f ∗(δ)| still vary from case to case because of the
different material heterogeneity (i.e. material contrast) induced by loading
frequencies or other factors. However, after the normalization, all the situ-
ations for Gaussian-correlation microstructure collapse into one new scaling
curve, which characterizes the microstructural effects of Gaussian-correlation
in scaling uniquely. Moreover, this new scaling curve is found to be differ-
ent from the one that was previously developed on random checkerboard.
The homogenization trend from SVE to RVE for the microstructure is re-
lated to the characteristic length and spatial correlation. For the composites
with same material composition, the sub-RVE performance for different mi-
crostructures can be totally different due to the interplay among different
geometric arrangements of the micro-constituents.
To compare the microstructrual effects in scaling, the normalized scaling
functions for random checkerboard and Gaussian correlated microstructure
are fitted analytically into a stretched-exponential form, with the coefficients
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Figure 4.4: Mesoscale bounds for Gaussian correlated microstrucre under
different loading frequencies: (a) absolute value of shear modulus < |µ∗| >;
(b) phase angle of shear modulus < Φµ >.
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Figure 4.5: Scaling function for Gaussian correlated microstrucre: (a)
before normalization; (b) after normalization.
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listed in Table 4.2.
|g∗(δ)| = exp(−a ∗ (δ − 1)b). (4.3)
Table 4.2: Coefficients of scaling functions
a b
Random checkerboard 0.42 0.46
Gaussian correlated(λ = 2) 0.45 0.66
From the coefficients in Table 4.2 and the plots in Fig. 4.5, it is seen
that the convergence from SVE to RVE for Gaussian correlated microstruc-
ture is actually slower compared to the random checkerboard with the same
nominal volume fraction. It means that at the same sub-RVE scale δ, the
Gaussian correlated microstructure is more likely to have larger fluctuations,
or more sensitive to the boundary conditions in responses. This is because
in the random checkerboard, there is no spatial correlation and all micro-
constituents are independent. Hence, the achievement of RVE only requires
the volume fraction of each phase to be stable and close to the probability
p in the sampling element. However, in Gaussian correlation microstruc-
ture, due to the existence of clusters and spatial correlation, the RVE should
not only maintain a stable volume fraction of each phase, but also include
enough sampling of the cluster geometries. In another word, the RVE for
gaussian correlated microstructure needs the stronger requirement and this
requirement is related to the characteristic length λ.
4.4.3 Effects of volume fraction
Instead of changing the details of microstructure, another straightforward
way to adjust the spatial heterogeneity is to vary the volume fraction of one
phase. Intuitively, the scaling from SVE to RVE should be much faster at
volume fractions around 0 and 1 since these correspond to the ”purer” state
and are close to homogeneous initially. Mesoscale bounds for random checker-
board at various volume fractions are exhibited in Fig.4.6 with traditional
Voigt and Reuss bounds included as well. As is seen, the mesoscale bounds
provide tighter estimation on the effective properties of RVE by consider-
ing details of the microstructure. The accuracy of the estimation increases
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Figure 4.6: Mesoscale bounds for random checkerboard with different
volume fraction: (a) magnitude of complex shear modulus; (b) phase angle
of complex shear modulus.
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with the observation scale. The relatively larger discrepancies happens at
the middle volume fraction compared to two ends, which is the region when
weight of the two component phases are approximately equal and the inter-
play between is significant.
The transitions from SVE to RVE are again quantitatively tracked through
the development of scaling functions. At each given volume fraction, the scal-
ing functions were calculated at 0.3Hz and 1.0Hz. From Fig.4.7, it is seen that
values of |f ∗(δ)| differ with frequency. Peak of |f ∗(δ)| for the same frequency
and same δ arises at the volume fraction of 0.5. The frequency-dependence in
scaling function is again successfully excluded by proper normalization and
|g∗(δ)| collapses within the same volume fraction.
It has been reported that for time-independent constitutive relationships
such as linear elasticity and linear conductivity, the scaling function does
not change with volume fractions. However, this is not the case for elastic-
viscoelastic random composites. For the mixing of two material with distinct
type of constitutive relations, the normalized scaling functions exhibit a con-
sistent upward shift with the volume fraction of viscoelastic phase. It means
that the scaling from SVE to RVE will be slower if more viscoelastic phase
are added. This can be explained by the observation in Chapter 2 that vis-
coelasticity actually requires a larger domain size to homogenize because of
the extra dependency on time and frequency compared to elasticity[80].
To compensate for the consistent shift in volume fraction, we propose the
master scaling function, which is developed on the microstructure at volume
fraction 0.5. The influence of volume fraction was fitted as a linear function
and added to the power term, which is:
|g∗(δ)|master = [exp(−a ∗ (δ − 1)
b)]m∗vf+n. (4.4)
where m,n are fitted coefficients through regressions and m∗0.5+n = 1. The
master scaling function at vf = 0.5 for random checkerboard and corrected
value of |g∗(δ)| for all other volume fraction are plotted in Fig. 4.8. The
master scaling function describes the scaling behavior for elastic-viscoelastic
random checkerboard and can be applied with arbitrary volume fraction.
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Figure 4.7: Scaling function for Gaussian correlated microstrucre: (a)
before normalization; (b) after normalization.
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In this chapter, the scaling from SVE to RVE on viscoelastic random compos-
ites, in the frequency domain, is further investigated under three scenarios:
(i) viscoelastic solids with different time coefficients, (ii) microstructure with
spatial correlatuion and (iii) microstrucutre with different volume fraction of
viscoelastic phase. The complex-valued scaling function is proven to be valid
for broader material compositions and microstructures. Analytical form of
the scaling function (of stretched-exponential type) can be utilized to describe
the scaling trend to RVE for different elastic-viscoelastic random composites
and the geometric effects in the homogenization trend can be compared. For
the viscoelastic-elastic composites, the rate of scaling is influenced by the vol-
ume fraction of viscoelastic phase because of the different natures between
elasticity and viscoelasticity. However, this influence can be compensated by
adding a volume fraction function in the exponent and developing a so-called
master curve at one reference volume fraction.
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Chapter 5
Elastic-viscoelastic transition in viscoelastic
random composites
5.1 Introduction
Suspensions of hard particles in viscoelastic matrix are of great interest due
to their widespread technological applications as well as presence in nature.
Some important examples include sol-gel transition in colloidal dispersion
[45, 44] and conductive polymer composites [68, 72]. Various features of the
elastic filler are studied extensively to determine optimized properties and
cost of the composite. For example, in conductive polymer composites, high
conductivity can be achieved with high volume content of conductive fillers.
However, the monotonic increase of elastic fillers will not only increase the
final cost of the material, but also impair the mechanical properties of the
material. In engineering application, the optimal strategy is to find a related
percolation threshold at which the electrical conductivity increases by orders
of magnitude.
In this chapter, we investigate the transition in mechanical properties of
elastic-viscoelastic composites. More specifically, we are interested in how the
composite’s performance transits from an elastic-type to viscoelastic type.
5.2 Numerical results for percolation study
The occurrence of percolation relies on the polarized properties between com-
ponent phases. For instance, in conductive polymer composites, the polymer
acts as the insulating phase while the carbonaceous fillers are conductive one.
For mechanical moduli, when elastic and viscoelastic phases are mixed at in-
termediate contrasts, properties of the composite will also vary smoothly
as function of volume fraction of phase. In order to promote the elastic-
63
viscoelastic transition, a significantly large contrast is introduced by adding
the very stiff elastic phase to the viscoelastic phases. This is consistent with
the fact that carbon can be much harder than most polymers.
Finite element method is utilized again to simulate the composite’s re-
sponses. Since finite size scaling is not the interest this time, the simulated
mesoscale window is chosen to start at Ix = 64 for smaller variations. The
elastic phase is set to be 1,000 times harder in both shear and bulk compared






= 1, 000 (5.1)
The time dependent coefficients are set to be µ1 = 0.9, k1 = 0.25, τ1 = 0.25,
which are the same as case 1 in Table. 4.1 and correspond to a rapid and
sharp reduction in stiffness under a relaxation test (Fig. 4.1).
Relaxation and creep tests are first performed on planar random checker-
board at different volume fractions under KUBC and SUBC respectively.
Heaviside step function is applied on all boundaries and the apparent prop-
erties is derived after taking volume average of the structure’s responses.





• under SUBC, letting ti(x, t) = σ0ijH(t)xj(x) on ∂Bδ(ω),




The relaxation stress and creep strain after stabilization (t = 2s) are plot-
ted in Fig. 5.1. The two vertical lines indicate the volume fractions at which
the volume average of stress and strain increase drastically. When the vol-
ume fraction of the viscoelastic phase exceeds 60%, the elastic-viscoelastic
composite relaxes significantly with much less stress remaining in the body
after 2s under KUBC. Similarly, when the elastic phase occupies more than
60%, the composite behaves much stiffer and there is drastic accumulation in
on specimen strain under SUBC. Each situation indicates the dominance of
either composite phase. Note that the cases of 0.408... and 0.592... volume
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Figure 5.1: Random checkerboard at different volume fractions: (a)
relaxation stress and creep strain after stabilization; (b) microstructure at
Ix = 128 with the(black) elastic phase embedded in the (white) viscoelastic
phase.
fraction correspond to critical points of either phase (respectively, viscoelastic
and elastic) in this site percolation.
Since absolute values of the composite’s moduli vary with different volume
fractions, it is favored to normalize the relaxation modulus by the initial
value. In this way, all the normalized relaxation modulus scale between 0
and 1, and indicate the relative reduction in overall stiffness under relaxation.
As is known to all, a pure elastic material should exhibit no time dependence
and sustain a constant modulus under relaxation. The normalized relaxation
65
Figure 5.2: Normalized relaxation modulus of random checkerboard at
different volume fractions.
modulus can be utilized as an indicator to demonstrate the transition from
elasticity to viscoelasticity.
The normalized relaxation moduli for all volume fractions are plotted in
Fig. 5.2. It is seen that when the volume amount of elastic suspension
is less than 40%(vf > 0.6), the composite shows significant softening after
relaxation, which is similar to the viscoelastic matrix. However, once the
content of elastic suspension is greater than 60%(vf < 0.4), reduction in
stiffness becomes negligible and elasticity dominates the composite. In this
case, the damping properties associated with viscoelasticity are almost locked
away and are not taking effects. The critical volume fraction is between 0.4
and 0.6, where a steep transition from elasticity to viscoelasticity takes place
and the competition between two components phases are the strongest.
To further quantify this elastic-viscoelastic transition, we propose the pa-
rameter relative viscoelasticity, which is calculated by dividing the reduction
in normalized modulus in the composites by the maximum reduction it can
achieve, which is the reduction in normalized modulus if only pure viscoelas-
tic phase exists. Hence, the relative viscoelasticity for the pure elastic phase
is 0 while the relative viscoelasticity for the pure viscoelastic phase is 100%.
The relative viscoelasticity is evaluated for the random checkerboard across
different volume fraction through Monte Carlo sampling under KUBC. From
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Figure 5.3: Reduction in normalized modulus after relaxation of random
checkerboard at different volume fractions.
Fig. 5.3, it is seen that, for the large contrast of 1,000, the mesoscale Ix = 64
is still not enough for the RVE since the statistical variation exists. For
Ix = 128, a very sharp increase in terms of viscoelasticity occurs between the
volume fraction 0.4 and 0.6. With viscoelastic phase exceeding 60%, more
than 90% of the viscoelasticity of the component phase has been incorporated
in the composites. This observation is consistent with the percolation theory
which states that the site percolation in square lattice happens at pc = 0.59....
Noted that in our analysis, a perfect percolation is not observed because the
elasticity and viscoelasticity are coupled inherently in our current model. In
the generalized Maxwell model, at least one spring is added which forces the
relaxation stress to be non-vanishing at infinite time. Hence, the constitutive
relation of the viscoelastic phase will always be categorized as ”solids” not
”fluids”. However, as the relaxation stress after stabilization gets smaller,
the transition slope in Fig. 5.3 will become steeper and finally approaches
a step shape which represents the percolation problem of elastic solids and
viscous fluids.
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5.3 Fractional calculus models in viscoelasticity
The fractional calculus may be considered an old topic since the speculations
about generalizing the notion of a derivative to non-integer order started with
G.W. Leibniz and L. Euler in the 17th and 18th centuries. In recent years,
considerable interest in fractional calculus has been stimulated by its appli-
cations in numerical analysis, physics, engineering, biology and economics.
The mathematical development of fractional calculus and its accompanying
Laplace and Fourier transforms are nicely reviewed in [37, 46, 48, 14].
A progenitor of fractional calculus in viscoelasticity is the early observa-
tions by Nutting [50] that the stress relaxation phenomenon could be modeled
by fractional powers of time. Later, Gemant [12] also found that stiffness and
damping properties of viscoelastic materials appeared to be proportional to
fractional powers of frequency, which led him to suggest using time differen-
tials of fractional order. Bagley and Torvik [4, 3, 2] showed that the fractional
calculus models of viscoelastic materials are in harmony with the molecular
theories that describes the macroscopic behavior of viscoelastic media.
Generalized fractional calculus model in isotropic and anisotropic viscoelas-
ticity are developed and reviewed in [38, 23, 24]. Compared to classical vis-
coelasticity, fractional calculus model states that the derivatives in viscoelas-
tic constitutive relations need not necessarily be of integer order. Constitu-
tive relationships employing derivatives of fractional order relating stress and
strain lead to well-posed problems and have evolved as an empirical method
of describing properties of many viscoelastic materials, including plastics,
polymers, bituminous binder and cartilage [6, 69, 47].
5.3.1 Classical rheological models
Classical viscoelastic models require the constitutive relations to be Green’s
functions associated with the integer order derivative in the integral. When
the derivative order is 0, the model is represented by a spring element, whose
stress-strain relation writes
σ(t) = Eε(t) (5.4)
When the derivative order is 1, the model represents a limit case of a fluid
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viscous response, which is described by a dash-pot element, whose constitu-





Figure 5.4: Generalized Maxwell model
Classical linear viscoelastic material models are represented by a system
of springs and dash-pots. One popular model is the generalized Maxwell
model, where a number of Maxwell models are connected in parallel with one
isolated spring element introduced for the non-vanishing asymptotic relax-
ation modulus at infinite time.The generalized Maxwell model is supported
by many experimental observations. Solution of classical linear viscoelas-
tic models leads to exponential type responses. For example, the relaxation
modulus for an N-series generalized Maxwell model is expressed as:







which is also called Prony series. In a generalized Maxwell model with N+1
series, there is a total of 2n+1 parameters, which are E0, E1, τ1...En, τn. The
advantage of classical rheological models is that exponential functions are
easy to handle under mathematical operations such as Laplace and Fourier
transforms. However, exponential function predict a strong frequency de-
pendence of damping properties, whereas measurements of viscoelastic ma-
terials reveal a very small change in their dissipative behavior with varying
frequency [30]. Thus, classical viscoelastic models have to be expanded to
better concur with measured data, which generally results in a high number
of material parameters to be identified.
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5.3.2 Fractional calculus models
The fractional calculus model in viscoelasticity is obtained by the use of
fractional derivatives instead of integer order derivatives in the constitutive
relation, which is called the ”spring-pot”:
σ(t) = ηDα[ε(t)] (5.7)
where α ∈ (0, 1).The conventional fractional derivative of order α of a func-










dτ, 0 < α < 1. (5.8)
where Γ(x) is the Gamma function. The Fourier transformation of a frac-
tional derivative of function f(t) leads to
z[Dαf(t)] = (iω)αf̃ (5.9)
where f̃ is the Fourier transformation of function f .
Figure 5.5: Fractional calculus model [70]
In the fractional calculus model, the ”dash-pot” is replaced by the”spring-
pot”. Consider the generalized Maxwell model in classical viscoelasticity,
there is an additional free parameter of the derivative order αi on each
Maxwell model and the total number of parameters increases to 3n + 1.
The relaxation modulus of the fractional calculus model in Fig. 5.5 is given
by [5]:















Given that the time dependence and frequency dependency can be reduced
with decreasing derivative order α, the viscoelastic behavior is generally mod-
eled with fewer parameters using fractional calculus models.
5.4 Fractional derivative in elastic-viscoelastic
composites
One important feature of fractional calculus model is that it has the flexibility
of a continuously varying constitutive relationship from ideal solid state to
ideal fluid state. By changing the fractional derivative order α from 0 to
1, the fractional calculus model can switch between an elastic spring and a
viscoelastic dash-pot, which can be utilized to describe the elastic-viscoelastic
transition in viscoelastic random composites.
Consider the elastic-viscoelastic composite whose viscoelastic phase is rep-
resented by the Zener model (α = 1). As more and more elastic phase is
added, the composite will finally become elastic (α = 0). Between all the
intermediate volume fractions, the behavior of the composite should be well
explained with a four-parameter fractional calculus model (Fig. 5.6). The
constitutive equation for a four-parameter fractional calculus model is:








For the elastic-viscoelastic random composite with arbitrary volume fraction,
behavior of the composite is fully captured by above equation with model
parameters α ∈ (0, 1). E1, E2, η.
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After taking the Fourier transform, it is seen that Equation (5.12) predicts














)), the parameters can
be fitted by evaluating the loss factor, which is the tangent of the phase angle
φ, at multiple frequencies [3]:
η =
(E1 − E0b)sinπα2 ω
α





For numerical study, we stick with the random checkerboard. Responses of
the composite at various volume fractions of viscoelastic phase are simulated
through finite element methods. In order to capture the broad range of
frequency dependence and get a better fit of model parameters, a steady
state analysis is performed from 0.01Hz to 10Hz for each composition.
Figure 5.7: Best fit of fractional calculus models (α = 1)in frequency
dependency for random checkerboard at different volume fractions
The simulated phase angle and the best, obtained through a least-square
method is shown in Fig. 5.7. Surprisingly, it is found that no matter the
volume fraction of the elastic phase, the fractional order does not decrease
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and the best fit is always achieved for α = 1. The frequency dependency of
the elastic-viscoelastic composite remains the same as that of the viscoelastic
phase, which is described through classical rheological models. Response of
the composite is still in the form of an exponential function
E(t) = E1 + E2e
−t
b (5.15)
and the fitted parameters for different volume fractions are listed in Table
5.1. From the table, it can be seen that adding the elastic phase to the
viscoelastic phase will only increase the instantaneous modulus E1 and the
time constant b, but it will not change the type of the viscoelastic model.
From the above analysis, it can be concluded that for a viscoelastic com-
posite made of classical viscoelastic material, the fractional calculus model
is not necessary. In other words, the microstructural randomness of a com-
posite material is not the cause of the fractional order viscoelasticity, rather
it is due to the nature of the constituent phase(s).
With reference to the fact noted in connection with Fig. 5.1 that perco-
lation points in two-phase systems have fractal patterns, the preceding con-
clusions also hold for two-phase fractals. Put differently, mesoscale fractal
patterns do not require fractional order viscoelasticity.
Table 5.1: Fractional calculus model parameters




0 0.25 2 1
0.2 0.28 2.23 1
0.5 0.39 3.23 1




In this dissertation, the scale dependent homogenization of linear viscoelastic
random composites is extensively explored. The Monte Carlo simulation to-
gether with the random microstructure formulation are applied to investigate
the behaviors of viscoelastic random composites at various length scales.
First, the methodology for obtaining scale-dependent properties of linear
viscoelastic composites in time domain is pursued. Hierarchies of mesoscale
bounds are determined numerically on a two-phase planar random viscoelas-
tic material whose microstructure is modeled as the random checker-board.
The bounds, defined in terms of relaxation modulus and creep compliance,
are obtained via solutions of two stochastic initial boundary value problems
set up, respectively, for kinematic and traction(static) boundary conditions.
The results, which match the theoretical development, are illustrated by fi-
nite element simulations of random checkerboards for several mesoscales.
Next, the scaling trends from SVE-to-RVE for a viscoelastic random ma-
terial is extensively investigate in the frequency domain, with the purpose
of reducing the convolution integral to a quasi-elastic form. The homoge-
nization is studied under steady-state harmonic responses within the same
framework dictated by the Hill-Mandel condition. The procedure for evaluat-
ing the complex moduli of linear viscoelastic heterogeneous bodies stemming
from uniform kinematic (KUBC) and static (SUBC) boundary conditions is
set up for finite size domains. Hierarchies of frequency-dependent viscoelas-
tic mesoscale bounds on shear- and bulk-type responses are proven under
extened viscoelastic minimum theorem.
Most importantly, a complex-valued scaling function (of stretched-exponential
type), being an extension of the one developed earlier for random elastic com-
posites, is successfully employed to characterize the microstructure’s geomet-
rical effects in homogenization. The normalized scaling function is shown to
be independent of loading frequencies and to apply for all phase combina-
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tions. The concept of a scaling function is also valid for spatially correlated
microstructures. The scaling rate from SVE to RVE relies on the characteris-
tic length of the microstructure and is also influenced by the volume fraction
of the viscoelastic phase.
Lastly, the transition between elasticity and viscoelasticity is investigated
in elastic-viscoelastic random composites with strong contrast. For the ran-
dom checkerboard, a sharp transition in the microstructures response oc-
curs at the volume fraction 0.4, with the response switching from a time-
independent type to time-dependent type. This critical volume fraction is
consistent with the probability threshold of site percolation.
Finally, fractional calculus models are also applied to describe the tran-
sition behavior of elastic-viscoelastic random composites. Upon examining
the whole range of volume fractions, it is found that microstructural ran-
domness of a composite material is not the cause of the fractional order
viscoelasticity. The fractional derivative order is really due to the nature of
the constituent phase(s). Hence, in viscoelastic composites, if the component
phase is described by classical viscoelasticity of integer order, the responses
of the composite are of the same type.
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